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A B S T R A C T

This paper proposes a re-centring and self-balanced inerter (RSBI). The rhombic linkage achieves self-balanced of 
the torque on the screw, which releases the constraints demanded at the end of the screw and reduces the 
working wastage and cost of the screw. The flywheel’s re-centring feature is guaranteed by introducing a self- 
resetting spring and enhances the stability of the system. More specifically, firstly, the resonance analysis 
method provides the optimized mounting angle of the RSBI’s rhombic linkage. Then, the user-friendly optimal 
design strategy of the four-parameter inerter system, are derived by applying the fixed-point theory, and the 
validity of the optimized parameters is verified by parameter and time history analysis. Finally, nonlinear model 
of the RSBI is performed to account for the nonlinearity due to the variation of the rhombic linkage angle at large 
working strokes. The nonlinear amplitude frequency response function of the system is obtained using the 
harmonic balance method and the working stroke of the inerter is classified by comparing it with the linear 
frequency response function. The device proposed in this paper provides a good control effect on the displace-
ment and acceleration control of the main structure under multiple seismic waves. The nonlinearity of the device 
is appropriately exploited to almost double the working stroke of the inerter, which can effectively reduce the 
size of the device.

1. Introduction

Unfavourable vibrations such as earthquakes and wind-induced vi-
bration have more and more significant consequences on the safety and 
comforts of structures as buildings evolve in a higher and more flexible 
direction, increasing the challenge of structural vibration control [1–3]. 
Energy dissipation and vibration reduction technologies are commonly 
used to alleviate this problem in new buildings, as well as to strengthen 
and restore the existing buildings. Passive control methods that do not 
require external energy input are the most extensively researched [4,5]. 
As one of the most prominent vibration control systems, the tuned mass 
damper (TMD) has significant advantages in peak resonance control 
[6–9]. However, when the dead load of the structure is large, the 
additional mass required for the control effect of the TMD is also sig-
nificant. For instance, at the peak of the Citi Corp Centre in New York, a 
TMD with an additional mass of approximately 370t has been incorpo-
rated, whereas the TMD at the summit of China’s tallest building, the 
Shanghai Centre, weighs 1,000t. And this additional mass is carried 
entirely by the structure under gravity, adding to handling costs.

Recently, the inerter-based control system proves to be an efficient 
solution for lightweighting [10–12]. The inerter is a two-terminal mass 
element whose force is directly proportional to the disparity in accel-
eration between its two terminals. Based on an analogy between me-
chanical and electrical networks, Smith [13] first termed this 
two-terminal inertial element as inerter and proposes a rack and 
pinion inerter. Depending on the different physical mechanisms, it is 
possible to achieve an amplification of the apparent mass associated 
with its inertial force, thus achieving a lightweighting of the required 
real physical mass. The initial implementation of an inerter on a tangible 
apparatus can be attributed to Kawamata [14] ‘s fluid mass pump, which 
employs the fluid’s inertial resistance. In recent years, inerter-based 
vibration damping systems have emerged as a prominent technology 
in various fields including automotive suspensions [15], building 
structures [10,16], bridge cables [17], and spacecraft [18]. As one of the 
most well-known examples of inerter in civil engineering., Ikago [10,19,
20]team presented a complete inerter system called tuned viscous 
damping system (TVMD). The system consists of a viscous damper, an 
inerter and a tuned spring, in which the apparent mass amplification of 
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the inerter is achieved by means of a ball screw. In 2014, Lazar et al. [16,
17] also proposed a class of inertia-based damping systems called tuned 
inertia damper (TID) and verify the superior damping performance of 
TID by comparing it with conventional viscous dampers. In the same 
year, based on the application of inerter and the generalization of TMD 
system Marian et al. [21] proposed the tuned mass damper inerter 
(TMDI) and verify its better performance under random excitation 
compared to TMD. Meanwhile, the TVMD, TID and TMDI are the three 
most widely used topologies for inerter systems in civil engineering [12,
17,22,23]. Subsequently, Zhang and Pan et al. [24–26] explored the 
damping effects of different topological combinations of stiffness ele-
ments, damping elements and inertial elements of inerter system, and 
propose an easy design optimization method from the target damping 
ratio. Furthermore, they theoretically derived the relationship equation 
of the damping enhancement of the inerter system, and reveal the 
working mechanism of the inerter system. In addition to a direct vi-
bration control device, Salah et al. [27]proposed a double mass tuned 
damper inerter (DMTDI) which consists of two TMDs placed at the roof 
of the building and connected via an inerter. The inerter backward ac-
tion is transmitted to the secondary mass instead of the building which 
enhances the performance of device.

Furthermore, some scholars focus on the physical mechanism of 
apparent mass amplification of inerter. The most commonly employed 
methods are ball-screw [10,28], rack-and-pinion [29,30], fluid [31,32], 
and electromagnetic systems [33,34]. Ball screw type inerter is one of 
the more mature, which converts the translational motion of the screw 
into the high-speed rotation of the flywheel to achieve the effect of 
apparent mass amplification. Arakaki et al. [35,36] originally developed 
a rotary tube damper using a ball screw mechanism to enhance the 
energy dissipation capacity of viscous damper. Based on the research of 
Arakaki et al., Kuroda et al. [37] attached a large mass flywheel to the 
rotary tube damper and obtain a device dominated by inertial force 
called a Gyro-mass damper. Hwang et al. [38] proposed a rotary inertia 
damper for vibration control based on the ball screw amplification 
mechanism and used toggle brace systems to magnify the deformation of 
the damper. Subsequently, Ikago et al. [10] proposed the TVMD, a 
proven vibration damping system based on the mechanism of amplified 
inertia of ball screws and the introduction of tuned springs. Y Sugimura 
et al. [39] applied the ball screw type inerter to a real steel building and 
obtained an apparent mass of 5600t with a real physical mass of 560 Kg.

The main cost of a ball screw inerter is the screw. This is because the 
quality of the screws is very important to reduce unnecessary non- 
linearities such as friction and backlash, and to take up the increased 
inertial forces due to the increasing apparent mass. Papageorgiou et al. 
[40] and Wang and Su [41] described the friction and backlash effects of 
the ball-screw inerter that can occur. These nonlinearities can introduce 
errors into the original linear modelling assumptions or even be detri-
mental to the control effect [42,43]. Xie et al. [22,44] has developed a 
self-balanced inerter that uses screw rod with right-hand and left-hand 
threads to balance the torque. The imbalanced torque on the screw 
may result in a deviation in the mounting position of the screw, thereby 
increasing the working wastage of the screw or even leading to its 
destruction. The self-balanced inerter also relieves torque constraints at 
the end of the screw, reducing the requirement for screw support 
bearings and allowing a purely tensile connection to the inerter system 
in the form of a cable. The strategy of cable connection is adaptable to 
the building layout of the structure to be controlled which facilitates the 
installation of vibration control devices. Nevertheless, the machining of 
the screw rod with right-hand and left-hand threads further increases the 
cost of the screw. Therefore, this paper employs symmetric rhombic 
linkages to drive the inerter system to achieve the self-balanced char-
acteristics without increasing the cost of the screw which also reduce the 
working wastage of the screw. Previously, Nagarajaiah [45] imple-
mented a new semi-active continuously and independently variable 
stiffness (SAIVS) device through a plane rhombus configuration and 
combined it with the TMD to solve the problem of invariant stiffness 

tuning failure which can lead to degradation of control performance. In 
addition, in order to maintain the working stroke of the inerter, a 
self-resetting spring is introduced into the device in parallel with the 
inerter. Previous studies [46–48] have demonstrated the introduction of 
negative stiffness springs in the similar position as a substitute, effec-
tively increasing the control frequency band and enhancing the perfor-
mance of the device. It is noteworthy that the system’s stability after 
incorporating the negative stiffness spring requires discussion. 
Furthermore, since the device proposed in this paper must limit the 
working stroke of the inerter, the self-resetting spring must be guaran-
teed and does not contradict the study of incorporating the negative 
stiffness device.

This paper explores the vibration reduction performance of a re- 
centring and self-balanced inerter system, and the main organization 
of the paper is as follows: Section 2 establishes the mechanical model of 
the RSBI and the equations of motion for a single-degree-of-freedom 
structure equipped with the RSBI system, and the optimal angles of 
the rhombic linkage to be probed under resonance conditions; Section 3
obtains the optimum parameters of the RSBI system that are easily 
designed by applying fixed-point theory and parameter analysis, and 
divides the working stroke of the RSBI with nonlinear modelling. Section 
4 confirms the effectiveness of the RSBI system under different seismic 
waves and the possibility of utilizing the nonlinearity. Finally, the pa-
per’s main conclusion is presented in Section 5.

2. Theoretical analysis of RSBI

2.1. Mechanical model

Fig. 1 shows a schematic illustration of the RSBI, which includes a 
screw, two flywheel-nut components, four connecting rods arranged in a 
rhombus, and two restoring springs. The terminals and rhombic linkage 
transfer a structure’s inter-story drift into deformation of the restoring 
springs and high-speed rotating motion of the flywheel. Two symmet-
rical flywheels rotate in opposite directions to balance the torque on the 
screw. The restoring springs return the device to its original condition 

Fig. 1. Schematic representation of the RSBI.
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after the excitation.
Fig. 2 illustrates a detailed construction diagram of the RSBI. The 

lead length and radius of the screw are Ld and r; the mass and the radius 
of the flywheel are mb and R; FT is the output force of the RSBI; α is the 
inclined angle between the rhombic linkage and restoring spring; the 
displacement, velocity, and acceleration of the terminal are x, ẋ and ẍ 
respectively; the direction is taken close to the screw as positive; the 
displacement, velocity, and acceleration of the ball nut are y, ẏ and ÿ 
respectively, the direction is away from the centre of the screw as pos-
itive; the rotation angle, angular velocity, and angular acceleration of 
the flywheel are φ, φ̇ and φ̈, respectively. Under the assumption of a 
small working stroke, the relationship between RSBI terminal 
displacement and ball nut displacement is illustrated in Eq (1). 

x=
y

tan α =
Ld

2π⋅
φ

tan α (1) 

Considering the stiffness of the restoring spring is kb, the force in a 
restoring spring is obtained by: 

T= kbx (2) 

Here, this variable force T always restores the RSBI to the original po-
sition, which is the source of the self-centering property. The damping of 
the device is provided by a viscous damper arranged along the direction 
of the screw, with an equivalent damping coefficient of cb, and the 
overall damping force is: 

Fc = cbẏ = cbẋtan α (3) 

Also, the inertial torque Mi is caused by the moment of inertia of the 
flywheels and the angular acceleration φ̈ as follows: 

Mi = Iφ̈=
mb

2
(
r2 +R2)φ̈ (4) 

Then the inertial output force can be calculated as follows: 

FI =
Mi

r tan θ
=

1
2

(
2π
Ld

)2

tan α
(
r2 +R2)mbẍ (5) 

where. Is the tilt angle of the screw, tan θ = Ld/(2πr).
This paper assumes that the contact between the screw and the 

flywheel is ideal without considering friction and clearance. This 
assumption is reasonable given that the non-linearities have less effect 
when the ball screw is in normal operation. The inertia force generated 
by the flywheel sliding in the direction of the screw is negligible 

compared to the inertia force generated by its rotation. Thus, the total 
force of the RSBI is: 

FT =T + (Fc + FI)tan α (6) 

Substituting Eqs (2), (3) and (5) to (6), the total output FT can be 
described as: 

FT =
1
2

(
2π
Ld

)2

tan2 α
(
r2 +R2)mbẍ+ cbẋtan2 α + kbx (7) 

As is shown in Fig. 2b, the moment of equilibrium equation of the 
screw is: 

TL +TR = JLφ̈+(− JLφ̈)=0 (8) 

where JL = JR = mb
(
R2 + r2)/2.

Thus, the torque on the screw generated by two symmetrical fly-
wheels rotating in different directions is balanced. And the force FT can 
be simplified as: 
⎧
⎪⎪⎨

⎪⎪⎩

FT = md tan2 αẍ + cd tan2 αẋ + kdx

md =
1
2

(
2π
Ld

)2(
r2 + R2)mb, cd = cb, kd = kb, tan α =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l2 − (x0 + x)2
√

(x0 + x)
(9) 

where x0 is the length of the primary restoring spring and l is the length 
of the rhombic linkage.

Fig. 3 shows the simplified mechanical model of the RSBI, which 
consists of an inerter element, a damper element and a restoring spring 
element, all connected in parallel.

Substituting FT = mdAgeiωt and x = Xeiωt, Eq (9) can be rewritten as: 

X
Agω2

d
=

1
1 + 2ξdiβd tan2 α − β2

d tan2 α
(10) 

where FT can be seen as the external excitation on RSBI. The damping 
ratio and the natural frequency of RSBI can be expressed as ξd =

cd/2mdωd, ωd =
̅̅̅̅̅̅̅̅̅̅̅̅̅
kd/md

√
and βd = ω/ωd.

The displacement amplification factor is obtained as: 

HL =

⃒
⃒
⃒
⃒

X
Agω2

d

⃒
⃒
⃒
⃒=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

(
1 − β2

d tan2 α
)2

+ (2ξdβd tan2 α)2

√

(11) 

It is a fact that the effective control band of a linear inerter system is 

Fig. 2. Detailed diagram of RSBI; (a) Motion Schematic; (b) Torque of the screw.
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close to its own natural frequency. The inerter system consumes energy 
most efficiently when the external excitation is near the natural fre-
quency of the system. Fig. 4 illustrates the displacement amplification 
factor’s variation with the connecting rod angle α under different 
intrinsic damping of RSBI when βd equals unity. The displacement 
amplification factor gets the maximum value when α approaches 45◦, 
indicated that the RSBI’s deformation amplitude X gets the maximum 
value while external excitation is constant. At this time, RSBI can fully 
play to the vibration mitigation effect because the damping element 
takes full advantage of the energy dissipation. Accordingly, the inclined 
angle α between the rhombic linkage and restoring spring is taken as 45◦

for all subsequent discussions within this paper.

2.2. Motion equation

To achieve the tuning effect, an additional spring at one terminal is 
necessary for RSBI’s actual use and this combination is termed the RSBI 
system. Fig. 5 shows the mechanical model of a single-degree-of- 
freedom (SDOF) structure equipped with a RBIS system when the 
structure is subjected to a horizontal excitation. It is worth noting that 
the inerter system is a two-end connection device. In the case of sdof 
structures, the RSBI system is connected to the structure at one end and 

grounded at the other end. In the case of multi-degree-of-freedom sys-
tems, the system can also be mounted where there is relative displace-
ment within the structure.

As shown, m, c and k are the mass, damping coefficient and stiffness 
of the primary SDOF system; md tan2 α, cd tan2 α and kd are the equiv-
alent apparent mass, equivalent damping coefficient and restoring 
stiffness of the RSBI, and ks is the stiffness of the tuning spring. The 
output force of the RSBI is equal to the tuning spring force; u is the main 
structure displacement and ud is the displacement of the end of the 
inerter not connected to the structure.

The governing motion equation can be described as: 
{

mü + cu̇ + ku + ks(u − ud) = − mag
mdüd tan2 α + cdu̇d tan2 α + kdud = ks(u − ud)

(12) 

Based on the previous analysis, it is assumed that the inerter belongs 
to the small working stroke so that the change of the rhombic linkage 
angle can be ignored. and specify that α = 45◦.Then the formula turns 
into linear as: 
{

mü + cu̇ + ku + ks(u − ud) = − mag
mdüd + cdu̇d + kdud = ks(u − ud)

(13) 

Substituting the following expressions, Eq (13) can be rewritten as: 
{

ü + 2 ζws u̇ + ws
2u + κ ws

2(u − ud) = ag
μ üd + 2 ξ ws u̇d + χ κ ws2ud − κ ws

2(u − ud) = 0 (14) 

Define the following dimensionless parameters as: 

ωs =

̅̅̅̅̅
kd

m

√

, μ =
md

m
, ζ =

c
2mωs

, ξ =
cd

2mωs
, κ =

ks

k
, χ =

kd

ks
(15) 

3. Parameter study

3.1. Analysis index

The benefit of employing the inerter system lies in the resonance 
peak control, so the H∞ norm criterion is adopted in the control theory. 
The structural dynamic displacement accurately reflects the magnitude 
of the dynamic response, whereas the output force of the inerter system 
efficiently represents the cost of the control system. Hence, both the 
displacement of the structure and the output force of the inerter system 
serve as the primary metrics.

Considering the harmonic ground motion is ag = A0eiωt , substituting 
u0 = U0eiωt and ud = Udeiωt in Eq (14), the displacement transfer func-
tions HU, HUd is obtained as:  

Fig. 3. Mechanical model of the RSBI.

Fig. 4. Displacement amplification factor with ξd = 0.02, 0.05, 0.10 and 0.20; 
βd = 1.

Fig. 5. Mechanical model of a SDOF system with the RSBI system.
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The output force can be described as Fout = ks(u0 − ud), the transfer 
functions HF is:  

The maximum displacement response of the structure equipped with 
an RSBI system and the output force of the RSBI system can be defined 
as: 

H∞ =max
{
HU(F)(iβ)

}
(19) 

where β = ω/ωs. Henceforth, the target of vibration control is to mini-
mize the H∞ norm.

Based on Eq (19) and assumed the inherent damping ratio ζ for the 
primary structure is 0.05, there are four unknown parameters left, μ, κ ,χ 
and ξ. A series of numerical cases are considered to investigate the ef-
fects of parameters, where μ, κ and ξ continuously change in limited 
parameter space respectively and χ is some specified value. The com-
parison results were shown in Figs. 6–8 and 9.

As depicted in Fig. 6, the minimum-value regions are located in the 
upper-right part, showing that a combination of large values of μ and κ is 
more effective in vibration mitigation, and there exists a preferred value 
of the parameter when ξ is constant. As shown in Fig. 7, when the mass 
ratio μ remains constant, a local minimal region also exists inside the 
contour, which is the ideal region for the parameter to accept its value, 
since there is less need for the damping ratio. Furthermore, the peak 
value of the structural displacement response is observed to decrease as 
the mass ratio μ increases. This finding is consistent with the intuitive 
notion that a larger mass ratio is associated with a more effective control 
effect.

Fig. 8 illustrates the distribution of the maximum output force of the 
inerter system. When the damping ratio ξ is certain, the maximum 
output force of RSBI system appears in the upper right corner of the 
contour plot, indicating that larger mass and stiffness ratios correspond 
to larger output force. As shown in Fig. 9, when the mass ratio is certain, 
the larger output force appears in the low damping ratio region and is 
highly sensitive to parameter variation. The local minimal value region 
of the peak structural displacement in Fig. 7 does not necessarily 
correspond to a very large force. This indicates that this region may be 
ideal for parameter values providing a trade-off between control 

effectiveness and cost.

3.2. Optimal design

Given the trade-off between the effectiveness of controlling the peak 
response of structure and the convenience of engineering applications, 
this paper selects the fixed-point theory [10,49,50] for optimal design. 
In order to apply the fixed-point theory, it is assumed that the damping 
ratio ζ of the main structure is 0. Based on Eqs (18) and (19), the 
displacement amplification factor RU is defined as follows:  

Substituting ξ = 0 and ξ = ∞ in Eq (20): 

|RU|ξ=0 =

⃒
⃒
⃒
⃒

β2μ − χ κ − κ
− β4μ + (χ κ + κ μ + κ + μ)β2 − χ κ2 − χ κ − κ

⃒
⃒
⃒
⃒ (21) 

|RU|ξ=∞ =

⃒
⃒
⃒
⃒

1
− β2 + 1 + κ

⃒
⃒
⃒
⃒ (22) 

Considering Eqs (21) and (22) are equal at the fixed points and the 
signs of them, the equation is: 

β2μ − χ κ − κ
− β4μ + (χ κ + κ μ + κ + μ)β2 − χ κ2 − χ κ − κ

=
1

β2 − κ − 1
(23) 

Rewrite Eq (23) into a quadratic equation about β2 as: 

2 β4μ+( − 2 χ κ − 2 κ + μ (− κ − 1) − κ μ − μ)β2

+ (− χ κ − κ)(− κ − 1) + χ κ2 + χ κ + κ

= 0 (24) 

Solving Eq (24) yields the respective frequency ratios at the fixed 
points on the left and right respectively are βL and βR. Combining 
|RU|ξ=∞,β=βL

= |RU|ξ=∞,β=βR 
and the coefficients of β2 in Eq (24), it can get 

the relationship that should be satisfied between μ, κ and χ as equations 
Eq (25). 

χ κ − κ μ+ κ − μ = 0 (25) 

It should be emphasized that the presence of three parameters and 
only one equation means that there is no way of accessing the specific 

HU(iω)=

⃒
⃒
⃒
⃒
ω2

s U0

A0

⃒
⃒
⃒
⃒=

⃒
⃒
⃒
⃒ −

2 iβ ξ − β2μ + χ κ + κ
2 iζ β3μ − 2 iζ β χ κ + 2 iβ3ξ − β4μ − 2 iζ β κ − 2 iβ κ ξ + 4 ζ β2ξ + β2χ κ + β2κ μ − 2 iβ ξ + β2κ + β2μ − χ κ2 − χ κ − κ

⃒
⃒
⃒
⃒ (16) 

HUd (iω)=
⃒
⃒
⃒
⃒
ω2

s Ud

A0

⃒
⃒
⃒
⃒=

⃒
⃒
⃒
⃒ −

κ
2 iζ β3μ − 2 iζ β χ κ + 2 iβ3ξ − β4μ − 2 iζ β κ − 2 iβ κ ξ + 4 ζ β2ξ + β2χ κ + β2κ μ − 2 iβ ξ + β2κ + β2μ − χ κ2 − χ κ − κ

⃒
⃒
⃒
⃒ (17) 

HF(iω)=
⃒
⃒
⃒
⃒
Fout

mA0

⃒
⃒
⃒
⃒=

⃒
⃒
⃒
⃒
⃒
−

(
2 iβ ξ − β2μ + χ κ

)
κω2

s

2 iζ β3μ − 2 iζ β χ κ + 2 iβ3ξ − β4μ − 2 iζ β κ − 2 iβ κ ξ + 4 ζ β2ξ + β2χ κ + β2κ μ − 2 iβ ξ + β2κ + β2μ − χ κ2 − χ κ − κ

⃒
⃒
⃒
⃒
⃒

(18) 

RU =

⃒
⃒
⃒
⃒
U0ω2

s
A0

⃒
⃒
⃒
⃒=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
β2μ − χ κ − κ

)2
+ 4 β2ξ2

(
− β4μ + (χ κ + κ μ + κ + μ)β2 − χ κ2 − χ κ − κ

)2
+
(
2 β3ξ + ( − 2 κ ξ − 2 ξ)β

)2

√
√
√
√ (20) 
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relationship. To aid in design and maintain the use of fixed-point theory 
while observing Eq (25), the following constraints χ = κ can be imposed 
artificially. The optimized parameters χ and κ will then take on the 
values shown in Eq (26). 

χopt = κopt = μ (26) 

Next, obtain the expression (27) for ξopt by taking the displacement 
amplification factor |RU|β=βR 

a maximum value and substituting Eq (26). 
{

ξopt
⃒
⃒f
(
μ, βL, ξopt

)
=

∂RU

∂β
|β=βL

=0
}

(27) 

In summary, after implementing artificial constraints and employing 

fixed-point theory, the theoretically optimized values of the simplified 
four-parameter inerter system are as Eq (28).

Employing the optimization conclusions above, the main structure 
displacement transfer function image is illustrated in Fig. 10, and it can 
be observed that the peaks are well constrained at the two fixed points. 
Moreover, the peak displacement decreases as the mass ratio increases. 
The mass ratio is also a factor related to the cost of the inerter system, so 
the appropriate mass ratio can be determined according to the damping 
requirements. The parameter locations after fixed-point theory optimi-
zation are plotted separately in the contours of Fig. 7, and it can be 
observed that the peak displacements of the structure are all at a locally 
optimal position. This illustrates that despite the fact that the damping 

Fig. 7. Contour plots depicting the maximum displacement response of the primary structure for ξ = [0.01,1.00], κ = [0.01, 1.00] (a) χ = μ = 0.05; (b) χ = μ = 0.10; 
(c) χ = μ = 0.20.

Fig. 8. Contour plots depicting the maximum output force of the inerter system μ = [0.01, 1.00], κ = [0.01,1.00],χ = 0.1 (a) ξ = 0.05; (b) ξ = 0.10; (c) ξ = 0.20.

Fig. 6. Contour plots depicting the maximum displacement response of the primary structure for μ = [0.01, 1.00], κ = [0.01,1.00],χ = 0.1 (a) ξ = 0.05; (b) ξ = 0.10; 
(c) ξ = 0.20.
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ratio of the main structure is disregarded by employing the fixed-point 
theory optimization method, the optimized parameters still offer rela-
tively favorable results. Furthermore, the location of the fixed-point 
theory optimized parameters is showed in the contour plot of the 
maximum RSBI output force in Fig. 9, where it is evident that the output 
force of the device is not significant at this point. This further demon-
strates that the parameter optimized by the fixed-point theory in this 
paper have good results for displacement control and cost control. 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

χopt = μ

κopt = μ

ξopt =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a1

(
5.7

̅̅̅̅̅
μ3

√
μ2 + 4μ2 + 10 ̅̅̅̅̅a2

√
+ 5.7

̅̅̅̅̅
μ3

√ )
μ3

√

a1

a1 = 2.3
̅̅̅̅̅

μ3
√

μ2 + 3.2μ3 + 5.7
̅̅̅̅̅

μ3
√

μ + 3.2μ2 + 2.3
̅̅̅̅̅

μ3
√

a2 = 1.3 μ5 + 1.8
̅̅̅̅̅

μ3
√

μ3 + 3.2 μ4 + 1.8
̅̅̅̅̅

μ3
√

μ2 + 1.3μ3

(28) 

Next, the effect of the self-resetting stiffness ratio χ on the displace-
ment control of the main structure and the output force of the RSBI 
system is investigated, assuming that the mass ratio μ of the RSBI system 
is constant and equal to 0.1. The optimized parameters obtained by 
varying the imposed artificial constraints, also with the above method-
ology, are presented in Table 1. As can be observed, with increasing self- 
resetting stiffness ratio, both the optimally tuned stiffness ratio and the 
damping ratio decrease. The displacement transfer functions of the 
primary structure and the output force transfer functions of the RSBI 
system, corresponding to various optimization parameters are shown in 
Fig. 11a and b. As the self-resetting stiffness decreases, the maximum 
structural displacement of the fixed-point decreases, and the maximum 
output force of the RSBI system decreases. However, since these varia-
tions are in a narrow range, it indicates that the control performance of 
the RSBI system is not sensitive to the self-resetting stiffness. As a result, 
the subsequent optimized design imposes the limitation that the self- 
resetting stiffness ratio χ is equivalent to the mass ratio μ.

3.3. Stroke robustness analysis

Given that the linear modelling approach fails to account for the 
fluctuation in the rhombic linkage angle, this simplification restricts the 
actuation stroke of the inerter system. The maximum actuation stroke is 
pivotal in determining the size of the inerter system. Therefore, 
nonlinear modelling of the re-centring and self-balanced inerter system 
is chosen here to take into account the maximum actuation stroke under 
linear modelling and the control effect after entering nonlinearity.

As depicted in Fig. 2, taking into account the variation in the angle of 
the rhombic linkage, the inertia force FI and damping force Fd of the 
system are given by following.  

Fig. 10. Displacement transfer function diagram of the primary structure.

Fig. 9. Contour plots depicting the maximum output force of the inerter system for ξ = [0.01,1.00], κ = [0.01, 1.00] (a) χ = μ = 0.05; (b) χ = μ = 0.10; (c) χ = μ =

0.20.

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

FI =
md(x0 + x)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l20 − (x0 + x)2
√

⎛

⎜
⎝

(x0 + x)2ẋ2

(
l20 − (x0 + x)2

)3/2 +
ẋ2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l20 − (x0 + x)2
√ +

(x0 + x)ẍ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

l20 − (x0 + x)2
√

⎞

⎟
⎠

Fd =
cd(x0 + x)2ẋ

l02
− (x0 + x)2

(29) 
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It can be observed that the inertial force of the system changes to a 
non-linear form related to displacement, velocity and acceleration. And 
the damping force is also in a non-linear form with respect to 
displacement and velocity. After adopting non-linear modelling, the 
equations of motion for the single degree of freedom of the equipped 
inerter system are dimensionless as follows: 

The equations of motion contain nonlinear terms for damping and 
inertial forces. The harmonic balance method and parametric continu-
ation scheme [51,52] is used to solve the amplitude-frequency response 
function of the system. Fig. 12 shows the process of the parametric 
continuation scheme used in this paper. Starting from a solution known 
to the system, an initial guess for the next solution is predicted by the 
tangent vector and then corrected along a specified arc length to obtain 
the next solution that satisfies the error accuracy.

Figs. 13 and 14 illustrate the magnitude-frequency response func-
tions of the primary structure for various external excitation amplitudes. 
The black solid line indicates the displacement frequency response 
function of the original structure and the red solid line indicates the 
displacement frequency response function of the structure equipped 
with the linear RSBI system. The brown dashed lines represent the 
amplitude-frequency response functions by the Alternating Frequency- 
Time (AFT) harmonic balance method and parametric continuation 
scheme. The accuracy of the derivation of the AFT-harmonic balance 
method is verified by forward and backward sweep analysis. When the 
amplitude of the external excitation is small, meaning the working 
stroke of the inerter system falls into the category of small 

displacements, the nonlinearity is not excited and its amplitude- 
frequency response function is basically the same as that of the linear 
model. However, as the external excitation amplitudes increases further, 
the nonlinear magnitude-frequency response function starts to exhibit 
differences, specifically the fixed-point theory optimization results in 
gradual ‘tuning failure’. Fig. 15 illustrates the maximum displacement 
response of the primary structure solved by the harmonic balance 

method as the damping and stiffness ratios are varied. It can be observed 
that the contour plot of the maximum displacement does not vary lin-
early with increasing amplitude of the external excitation. In addition, 
the amplitude of each order harmonic component of the inerter 
displacement and velocity-displacement relationship is plotted in Fig. 16
for different external excitation amplitudes. The increase of higher order 

Fig. 11. Diagram of transfer functions corresponding to different self-resetting stiffness ratios (a) Main structural displacement (b) Output force of the RSBI system.

Fig. 12. Schematic diagram of the parametric continuation scheme.

Table 1 
Optimized values of parameters corresponding to different self-resetting stiff-
ness ratios.

artificial constraints μ χ κ ξ

χ = μ 0.1 0.1 0.1 0.017
χ = 0.1μ 0.1 0.01 0.110 0.018
χ = 0.5μ 0.1 0.05 0.105 0.018
χ = 1.5μ 0.1 0.15 0.095 0.016

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ü + 2 ζws u̇ + ws
2u + κ ws

2(u − ud) = ag

μ(x0 + ud)

⎛

⎝ (x0 + ud)
2u̇d

2

(
l20 − (x0 + ud)

2
)2 +

u̇d
2

l20 − (x0 + ud)
2 +

(x0 + ud)üd

l20 − (x0 + ud)
2

⎞

⎠+ 2 ξ ws
(x0 + ud)

2

l02
− (x0 + ud)

2u̇d + χ κ ws2ud − κ ws
2(u − ud) = 0

(30) 
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harmonics in the structural response reveals the nonlinearity. Of the 
system. This phenomenon detrimentally impacts vibration control of the 
inerter system.

Using solely the linear range of the inerter system would result in an 
oversized rhombic linkage and screw, which is not practicable, and the 
inerter system retains good performance when entering the nonlinear 
range. Thus, the working stroke of the inerter system is partitioned into a 
linear range, a nonlinear effective range and a limit range. When the 
nonlinear amplitude-frequency response function is confined within 10 
% above or below the linear displacement transfer function, the working 
stroke of the inerter system is defined as the linear range. When the peak 

value of the non-linear amplitude frequency response function is not 
greater than 40 % of the peak value of the linear displacement transfer 
function, the working stroke of the inerter system beyond the linear 
range is defined as the non-linear effective range. In all other cases, the 
working travel is defined as the limiting range, which means that the 
maximum working stroke of the inerter system is not recommended to 
exceed the non-linear effective range. Fig. 17 depicts the division of the 
stroke of the inerter on the screw. It is evident that the non-linearity of 
the inerter system can be utilized to almost double the effective working 
stroke.

Fig. 14. Displacement response function diagram of the inerter for μ = χ = κ = 0.1, ξ = 0.0168 (a) external excitation amplitude A0 = 5; (b) A0 = 10; (c). A0 = 15.

Fig. 15. Contour plots depicting the maximum displacement response of the primary structure for χ = μ = 0.1, ξ = [0.01,1.00], κ = [0.01,1.00] (a)A0 = 5; (b) A0 =

10; (c) A0 = 15.

Fig. 13. Displacement response function diagram of the primary structure for μ = χ = κ = 0.1, ξ = 0.0168 (a) external excitation amplitude A0 = 5; (b) A0 = 10; (c). 
A0 = 15.
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4. Numerical validation for cases

Based on the previously proposed fixed-point theoretical optimiza-
tion method, the dynamic responses of the original structure, using 
linear and nonlinear RSBI system equipped structures respectively, are 
compared under multiple seismic waves which include five natural and 
two artificial seismic waves as external excitations in accordance with 
the requirements of the time history analysis of the seismic design code 
for buildings in China [53]. In order to investigate the performance of 
linear and nonlinear RSBI, the peak ground acceleration (PGA) of 
seismic waves in the time history analysis is taken to be 0.22 g and 0.4 g 
corresponding to different seismic fortification intensities under rare 
earthquakes according to the seismic design code. The numerical vali-
dation assumes that the main structure damping ratio agrees with the 
concrete structure at 0.05. Considering that the fixed-point theory 
optimization method used can tune the RSBI system to any frequency, 
the values of the numerical validation parameters are given in Table 2.

Figs. 18 and 19 illustrate the time history curves of the displacement 
and acceleration response of the main structure for varying PGAs with El 
Centro seismic wave inputs. It can be concluded that the optimized RSBI 
system is effective in the vibration control that the maximum displace-
ment and acceleration responses have significant depressions. Further-
more, when the external excitation amplitude is small (PGA = 0.22 g), 

Fig. 17. Diagram of inerter working stroke division.

Table 2 
Parameter values for numerical validation.

ωs (rad/s) ζ μ κ ξ χ

3.16 0.05 0.05 0.05 0.0062 0.05

Fig. 18. Example of response of the structure with and without RSBI under El Centro seismic wave PGA = 0.22 g (a) displacement; (b) acceleration.

Fig. 19. Example of response of the structure with and without RSBI under El Centro seismic wave PGA = 0.4 g (a) displacement; (b) acceleration.

Fig. 16. Motion characteristics under different amplitudes of external excitation (a) histogram of the amplitude of each order harmonic component of the inerter 
displacement; (b) velocity-displacement diagram of the inerter.
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the control effects of linear and nonlinear RSBI are essentially identical, 
and the damped hysteresis loop shown in Fig. 20a also shows the same 
energy dissipation capability. And with increasing external excitation 
amplitude (PGA = 0.40 g) as illustrated in Fig. 20b, a substantial 
alteration in the shape of the hysteresis loop is evident, suggesting that 
the nonlinearity of the RSBI is being excited., and the control effect of 

the linear RSBI is slightly better than that of the nonlinear RSBI.
For a better explanation of the global damping effect under multiple 

seismic waves, defining the reduction effect γ as: 

Fig. 21. Diagram of the reduction ratio under multiple seismic waves PGA = 0.22 g (a) displacement; (b) acceleration.

Fig. 22. Diagram of the reduction ratio under multiple seismic waves PGA = 0.4 g (a) displacement; (b) acceleration.

Fig. 20. Comparison of the force-displacement curves of the damper for the linear and nonlinear RSBI. (a) El Centro-PGA = 0.22 g; (b) El Centro-PGA = 0.4 g.
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γ =
Response of unequipped structure − Response of equipped structure

Response of unequipped structure
× 100%

(31) 

Figs. 21 and 22 illustrate the peak and root-mean-square reduction 
ratios of the structural displacement and acceleration responses under 
multiple seismic wave inputs. It can be observed that RSBI demonstrates 
a notable damping effect for different seismic waves. Furthermore, when 
external excitation amplitude is low, the performance of linear and 
nonlinear RSBI exhibits minimal discrepancy, with the exception of a 
few seismic waves. As the excitation amplitude increases, the perfor-
mance of nonlinear RSBI deteriorates than the linear RSBI, and even 
becomes significantly worse under individual seismic waves. The study 
demonstrates that utilizing the linear range of the RSBI provides better 
damping performance than the nonlinear range. Nevertheless, there 
exists a tradeoff between efficiency and size, since the working stroke of 
the inerter is essentially doubled by using the nonlinear range. There-
fore, to design the re-centring and self-balanced inerter system, the mass 
ratio and working stroke of the inerter must be reasonably determined 
according to the actual situation of the project, such as the installation 
space of the equipment, the cost and the goal of vibration reduction.

5. Conclusions

With the purpose of reducing the working wastage and cost of the 
screw and enhancing the practicality of the inerter system, a re-centring 
and self-balanced inerter system is proposed in this paper. The self- 
balanced characteristic is achieved by a rhombic linkage driving two 
symmetrical flywheels that rotate in opposite directions. It is note-
worthy that this self-balanced mechanism is achieved in a manner that 
results in a larger overall size compared to a conventional ball-screw 
inerter. Through parameter analysis and extension of the application 
range of the fixed-point theory optimization method, the optimized 
parameters suitable for engineering design are obtained. Meanwhile, 
this paper quantifies the working stroke and damping efficiency of the 
system by comparing the linear and non-linear modelling of the system. 
The primary findings of this paper are as follows.

1. The self-balanced and re-centring characteristics of the inerter sys-
tem are achieved by the design of a rhombic linkage and the intro-
duction of a self-resetting spring element. The self-balanced property 
effectively balances the torque on the screw which decreases 
machining costs and working wastage. The re-centring property in-
creases the availability and stability of the inerter system during the 
working life.

2. The application of the fixed-point theory optimization method to a 
four-parameter inerter system is extended, and the optimized 
parameter formulations, which are convenient for engineering 
design, are obtained. The effectiveness of the optimization method is 
verified through parameter analysis and time history analysis under 
multiple seismic waves. The proposed device has a good control 
performance on both the acceleration and displacement response of 
the structure.

3. Considering the nonlinear properties of the proposed RSBI system, 
the effectiveness of the device after entering the nonlinear segment is 
verified by nonlinear modelling. Moreover, by comparing with the 
amplitude-frequency response function of the linear system, the di-
vision of the linear, nonlinear effective and limiting ranges of the 
working stroke of the device is defined. The nonlinear effective range 
of the working stroke is appropriately exploited to almost double the 
working stroke of the inerter, which can effectively reduce the size of 
the device. The RSBI system’s working stroke ought to be designed 
rationally by incorporating the available equipment space and the 
vibration damping target in the actual project.
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