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A B S T R A C T   

This paper describes the role of the cable-bracing-self-balanced inerter system (CBSBIS) for vi
bration control of frame-core tube structures and focuses on the efficiency improvements of the 
inerter system brought by the topology optimization corresponding to the cable-bracing schemes. 
Different cable-bracing schemes are proposed to explore the installation efficiency applied to 
frame-core tube structures. According to the characteristics of the bending deformation, the 
simplified discrete model of a frame-core tube structure with the CBSBIS is established, and an 
optimal design method based on the modal control is proposed from the perspective of the 
convenience of design. According to the results of parameter analysis and numerical cases, the 
vertical bracing scheme is more effective in utilizing the overall bending deformation of the 
frame-core tube structure, particularly through the outriggers, which amplify the displacement 
driving the CBSBIS. Meanwhile, the damping effect of controlling multiple modes of the structure 
is demonstrably superior to that of controlling a single mode. Compared with the traditional 
damped outrigger and tuned mass damper, the CBSBIS provide a better solution for the control of 
structures which means that the CBSBIS has a significant improvement in the control of the 
structure’s harmful inter-story drift ratio and acceleration response.   

1. Introduction 

The main problem faced when designing super high-rise buildings is that the building becomes more sensitive to lateral forces as 
the height increases. The frame-core tube structure is the most used type of super high-rise buildings. The outrigger connects the core 
tube and the perimeter columns to improve the lateral resistance of the structure [1,2]. Some researchers have further improved the 
ability of frame-core tube structure to resist lateral loads by optimizing the position of the outriggers [3–5]. However, the traditional 
outrigger truss cannot improve the structural damping, which is beneficial to energy dissipation during a dynamic load. Studies 
showed that most of tall buildings over 250 m have a level of an inherent damping ratio of less than 1 % [6,7]. Some researchers have 
installed viscous dampers between the outriggers and perimeter columns which are called damped outriggers (DO) to improve 
structural damping energy dissipation [8–11]. But the maximum achievable damping ratio of the damper outrigger structure is 
influenced by the stiffness ratio of core tube to perimeter columns. The stiffness ratio is recommended to be less than 3.7 to achieve a 5 
% damping ratio [12,13]. It is difficult to achieve a satisfactory damping ratio by adding a damped outrigger for a perimeter column 
with limited stiffness. Das et al. [14,15] proposed a shape memory alloy (SMA) based damped outrigger and verified its better 
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performance in controlling the dynamic response of the structure under seismic excitation compared to viscous damper-based 
outrigger system. Wang et al. [16,17] developed a negative stiffness damped outrigger (NSDO) by combining negative stiffness ele
ments to amplify the damping effect. Compared with the conventional damped outrigger (CDO), the NSDO significantly improves the 
modal damping ratio. Wang et al. [18] conducted a comparative study of CDO, NSDO, and their combined use under random excitation 
and demonstrated that the combination of NSDO and DO provides superior results. Nevertheless, NSDO is only effective in improving 
the modal damping of the structure in the first few orders. Furthermore, negative stiffness devices are often achieved by releasing the 
elastic potential energy of the pre-compressed spring. Therefore, when static deformation occurs, it is difficult to reset the device to its 
equilibrium position due to the lack of restoring force, which leads to a continuous reduction of the elastic potential energy and a 
significant reduction in effectiveness. 

Similar to NSDO, the inerter system also plays a role in damping enhancement. In the meanwhile, it can also benefit from the tuned 
mass damper’s (TMD) dynamic energy absorption, which is superior for reducing structural vibration [19–21]. The inerter is a 
two-terminal mass element which means that its output force is directly proportional to the disparity in acceleration between its two 
terminals. Based on the analogy between mechanical and electrical networks, Smith [22] first termed this two-terminal inertial 
element as inerter and proposes a rack and pinion inerter. Inerter system is a novel passive control system that combines inerter el
ements, spring elements, and damping elements to coordinate their work for vibration control. Compared with some traditional 
passive vibration control methods, many researchers have demonstrated that the inerter system can produce an apparent mass far 
greater than its actual physical mass and can also enhance the energy dissipation effect of the damper by increasing the working stroke 
of the damper. In the field of civil engineering, Ikago [23–27]team combined the tuned spring and viscous mass damper for the first 
time and proposed the tuned viscous mass damper (TVMD) system which uses the ball screw to achieve a mass amplification 
mechanism. The topological forms and potential applications of the inerter system have also been researched and broadened on the 
basis of the TVMD’s proposal. In 2014, Lazar et al. [28]proposed an inertia-based device called tuned inertia damper (TID), which 
parallels the damping element with the spring element and then connects them in series with the inerter element. In the subsequent 
research [29], it has been demonstrated that the TID has a better vibration reduction control effect than the classical viscous damper 
(VD). During the same year, based on the application of inerter and the generalization of TMD system Marian et al. [30] proposed the 
tuned mass damper inerter (TMDI) and verify its better performance under random excitation compared to TMD. The TVMD, TID and 
TMDI are the three most widely used topologies for inerter systems in civil engineering [31–39]. In order to study different 
series-parallel topology forms, Pan and Zhang et al. [40] matched the inerter element with those of the damping element and the spring 
element to achieve better control. In addition to building structures, the utilization of inerter-based control systems is becoming 
increasingly prevalent in a diverse range of applications, including wind turbines [41,42], cables [29,35], automotive suspensions [43, 
44], spacecraft [45] and energy harvesting [46]. 

Similarly, many scholars have done research on the optimization of mechanical parameters of inerter systems. Saito et al. [24] gave 
a parameter optimization method for the TVMD system based on fixed-point theory optimization method which represents a class of 
H∞ optimization schemes for regulating the peaks of structural frequency response functions [47]. Pan and Zhang [48,49] proposed an 
optimization design method based on performance requirements, which is essentially an H2 optimization approach based on structural 
frequency response functions. In addition to optimization methods derived from the frequency domain, there are also metaheuristic 
algorithms [36,38,50] for multi-objectives which perform a large number of iterative calculations through the certain rule designs to 
obtain the optimization parameters. 

Although the research on inerter systems has been relatively mature, this innovative passive control system is less used in high-rise 
buildings. On the one hand, most studies use inter-story relative displacement to drive inerter system. However, high-rise structures 
show different deformation properties than shear structures, so the installation schemes should be reconsidered. For instance, Fig. 1 
depicts the typical configuration of dampers in bending and shear structures. It is clear that the damper layout for a shear structure 
primarily takes into account the fact that its energy consumption depends on the horizontal relative displacement of the structure, 
whereas the damper layout for a bending structure relies on the rotation of the structural floor to produce the outermost tension and 
compression deformation. Of course, some researchers have also shown the way to install inerter systems in high-rise buildings. The 
two main connection schemes are shown in Fig. 2. The first installation scheme mainly uses the bending deformation of the structure to 
drive inerter system and realize the vibration control of the structure by connecting the inerter system with the outrigger. Asia and 
Ikago [51,52] proposed for the first time to apply the inerter system between the outrigger and the perimeter column of a high-rise 
bending structure. The second way is to use the inter-story relative displacement for inerter system. Xie et al. [32,53,54] achieved 

Fig. 1. Common structural damper installation methods (a) Damper arrangement of shear structure; (b) Damper arrangement of bending structure.  
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the accumulation of inter-story displacements to drive the damping control system through the cable arrangement across the layers. 
However, the small relative inter-story displacements of high-rise bending structures cannot fulfil the energy dissipation role of the 
inerter system. In practice, the cross-story connection way dominates, so inter-story displacements can be accumulated. 

On the other hand, the bracing of the inerter system in the high-rise building is required to have a certain deformation capacity and 
stability regardless of the installation schemes shown in Fig. 2. When the installation span is considerable, the conventional rigid 
connection way is prone to buckling and has poor shape adaptation. Currently, one method for achieving the self-resetting energy 
dissipation system support is to use the pure tension system of the central energy dissipation member and the cable. The combination of 
the cable and the compression material can solve the compression buckling problem of the support member and is easy to install. 
Pekcan et al. [55] proposed a damping cable system. The system is simple to install, taking full advantage of the benefits of the cable 
support system, and eliminating the impact of buckling under the conventional connection schemes by connecting the damper to the 
main structure with cables. Hou et al. [56] first proposed a method of seismic strengthening of steel frames using wire cable bracing, 
demonstrating its effectiveness as a support member for vibration control under large displacements. Gao et al. [57] applied a 
cross-braced connection form of tension cables to form a lateral force-resisting system, illustrating the re-centred and 
energy-dissipating effects of a pure tension system. Asadi et al. [58] conducted experimental and numerical simulations to verify that 
the use of shape-memory alloy wires to connect the damper can achieve an increase in its equivalent damping ratio and self-centring 
function. Lee et al. [59] experimentally verified the effectiveness of tension-only shape-memory alloy device for steel moment-resisting 
frames under seismic excitation. Kang et al. [60] proposed a vibration control system for seesaw structures based on fluid viscous 
dampers, using pure tension support members connected to the structure, and demonstrated that a seesaw energy dissipation system 
under a pure tension system could effectively control the response of the structure. In order to use an inerter system in a pure tension 
system, it is primarily necessary for it to have the ability to self-reset or self-balance in the condition of double endpoint output. Xie 
et al. [32,53,54] proposed a new type of inerter system connected by cables, called cable-bracing inerter system (CBIS). The adaptable 
benefits of CBIS include simple installation and suitability for discontinuous floor layouts. Xie designs the parameters of the inerter 
system by single-objective and multi-objective optimization approaches and verify its damping effect. However, the study of CBIS is 
still limited to shear structures, without considering the application in structures dominated by bending deformation. 

Based on the idea of energy dissipation of the damped outrigger, this paper uses the outrigger as the connection to explore the effect 
of the cable-bracing-self-balanced inerter system (CBSBIS) on the vibration control of the frame-core tube structure and investigates 
the effectiveness of different cable-bracing schemes in utilizing structural rotation angle and cumulative inter-story displacements in 
the high-rise bending structure. Additionally, a method based on modal control is proposed as an easy-to-design solution. Finally, the 
effectiveness of CBSBIS topology optimization and modal control is verified by numerical examples. 

2. Detail of CBSBIS 

2.1. A self-balanced inerter system 

Fig. 3 shows a schematic diagram of a self-balanced inerter system. The damping element is connected in parallel with the inerter 
and then in series with the stiffness element. Specifically for this paper, a ball screw type inerter has been adopted which converts the 
translational motion of the screw into the high-speed rotation of the flywheel to achieve the effect of apparent mass amplification. 
Eddy current damping in parallel with the inerter is achieved by mounting a back iron plate, conductor plate and permanent magnets 
on the flywheel. The stiffness of the system is achieved by a combination of springs in series with pre-stressed cables. Given that the 
stiffness of the cable cannot be infinite, it is reasonable to consider the additional stiffness brought about by the series connection of the 
cable and the spring in the actual engineering design. Additionally, it is essential to apply an appropriate prestressing to the cable in 
advance to prevent the cable from relaxing as a consequence of the loss of displacement transfer. The output of inerter system can be 

Fig. 2. Common connection schemes for inerter systems (a) Outrigger connection scheme; (b) Cross-layer connection scheme.  
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expressed as: 

Fs = kd(xs − xd) = mdẍd + cdẋd (1)  

Where xd and xs are the displacements of the inerter system and the structure, respectively; the corresponding displacement is shown in 
Fig. 3b; md is the apparent mass of the inerter; kd is the stiffness of the tuning spring, and cd is the damping coefficient of the damping 
energy dissipation element. 

A more detailed diagram of the self-balanced inerter is shown in Fig. 4. The screw rod with right-hand and left-hand threads are the 
key to achieving self-balanced inerter. When the screw rod moves in the axial direction, the symmetrical flywheels in different thread 
directions rotate in opposite directions, balancing the torque applied to the screw rod. This counterbalance relieves the torque con
straints required at the end of the screw rod to allow a purely tensile cable connection which facilitates the simplification of the 
installation of the device. At the same time the apparent mass md of the self-balanced inerter is determined by Eq. (2). 

md =m0
(
r0

2 + rd
2)
(

2π
ld

)2

(2) 

Fig. 3. Self-balanced inerter system (a) Device diagram; (b) Simplified mechanical model.  
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where m0 is the mass of the flywheel, r0 and rd are the radius of the flywheel and screw rod, respectively, and ld is the lead of the ball 
screw. The rational design of r0 and ld enables the amplification of the flywheel’s mass by a factor of thousands. 

2.2. Different schemes of cable-bracing 

In the frame-core tube structure, the CBSBIS is fixed to the outrigger truss through the cable to play the role of vibration control. The 
control performance of the device is dependent on different installation strategies of the cables. As shown in Fig. 5, three topological 
forms of cable are proposed in this research based on the deformation properties of the frame-core tube structures. The first scheme is 
the vertical connection, in which the cables are attached vertically to the outrigger to drive the inerter system by structural rotational 
deformation and the outrigger can amplify the rotational deformation effect of the structure. The second scheme uses an inverted-V 
connection, where the cables are fixed in the center of the core to take advantage of the cumulative relative inter-story displacement of 
the structure. The third way is the diagonal cable bracing, in which the cable is fixed diagonally to the outrigger on the opposite side. 
This method utilizes both the cumulative relative interlayer displacement and the rotational deformation of the structure, combining 
the characteristics of the first two connection schemes. 

In the real structure, the stiffness of the outrigger truss is quite large, therefore to simplify the analysis in this paper, its bending 
stiffness and shear stiffness are assumed to be infinite. The following analyses investigate the displacement transfer relationship be
tween the outrigger truss and the inerter system with different installation strategies of the cables. 

The diagonal cable is driven by the joint action of horizontal displacement and rotation. It is reasonable to assume that the cable 
movements are independent of being driven by the structure’s rotation and horizontal displacement if the structure falls into the 
category of small deformation during vibration. So, the final result can be obtained by linear superposition. The relationship between 
structural displacement and cable displacement is shown in Fig. 6. 

The simplified relationship between cable displacement xc and structural displacement x and rotation angle θ can be obtained as 
follows: 

xc = x cos α −
lsin α

2
θ (3)  

In the case of inverted-V cable bracing scheme, the rotation angle of the structure has no effect on the displacement of the inerter 
system. Therefore, the relationship between the cable displacement and the structural displacement is shown in Fig. 7. 

Fig. 4. Self-balanced inerter.  

Fig. 5. Schematic diagram of three cable bracing forms (a) Vertical cable bracing; (b) Inverted-V cable bracing; (c) Diagonal cable bracing.  
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The relationship between the displacement of the simplified cable and the structural displacement can be obtained as follows: 

xc = x cos α (4)  

In the case of vertical cable bracing, only the influence of the structure’s rotation on the cable displacement is taken into consideration 
because the horizontal movement of the cables on both sides is the same, meaning that the horizontal displacement of the structure has 
no effect on the inerter system. 

According to the geometric relationship in Fig. 8, the relationship between structural displacement and cable displacement in the 
case of vertical cable bracing scheme can be expressed as: 

xc =
l
2

θ (5) 

Based on the above three connection schemes, the relationship between cable displacement and structural displacement can be 
uniformly expressed as the relationship between lateral displacement and rotation of the structure. It can be considered that the cable 
inclination angle α and the total length of outrigger l determine the corresponding coefficients. The relationship between simplified 
cable displacement and structural displacement can be expressed as: 

xc = βxx + βθθ (6)  

Fig. 6. Deformation diagram of diagonal cable bracing.  

Fig. 7. Deformation diagram of inverted-V cable bracing.  
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⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

βx = cos α, βθ = 0 Inverted − V cable bracing

βx = 0, βθ =
l
2

Vertical cable bracing

βx = cos α, βθ = −
l
2

sin α Diagonal cable bracing

(7) 

It can be seen from Eq. (7) that the length of the outrigger is proportional to the contribution of the inerter system driven by the 
structural rotation angle. The outrigger amplifies the rotation effects of the structure which means that the displacement of the cable 
fixed to the outrigger truss is greater for the same angle of rotation. 

3. Modelling and analysis of the frame-core tube structure with a CBSBIS 

3.1. Government equations of the frame-core tube structure with a CBSBIS 

For the frame-core structures, the main load-bearing members consist of the core tube and perimeter columns connected by 
outrigger. To simplify subsequent dynamic analysis, this paper assumes that the core and perimeter columns form a unified flexural 
system, and the ends of the outrigger trusses are used as anchorages for the cable. This assumption is reasonable because the core and 
perimeter columns satisfy the condition of deformation coordination under the constraint of the extension truss. A forty-storey frame- 
core tube structure and its corresponding simplified discrete model proposed by Gamaliel [61] are used as illustrative structures in this 
paper to investigate the vibration reduction performance of CBSBIS with different topological forms. Each lumped mass contains two 
degrees of freedom: one in the translational direction and one in the rotational direction. The degrees of freedom in the vertical di
rection are neglected due to the relatively small deformation. Figs. 9 and 10 show the real structure and the simplified discrete model, 
respectively. The equations of motion for the simplified model subjected to the ground acceleration ẍg can be expressed as follows: 

Mmẍm +Cmẋm + Kmxm = − Mmrmẍg (8)  

where Mm is the mass of the main structure, Cm is the damping matrix and Km is the stiffness matrix. The mass matrix is a diagonal 
matrix containing the mass and rotational inertia of the floor, expressed as follows: 

Mm = diag{m1 J1 m2 J2 ⋯ mn Jn } (9)  

Fig. 8. Deformation diagram of vertical cable bracing.  

Fig. 9. Schematic diagram of a forty-story frame-core tube structure.  
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Where mi and Ji are the ith layer’s mass, rotational inertia; n represents the number of degrees of freedom of the model, which is 
consistent with the number of floors. The rotational inertia is assumed to be provided by the concrete core only. 

The Rayleigh damping assumption is adopted in the damping matrix. xm is the displacement and rotation of each floor of the 
structure as Eq. (10); rm is the seismic force action vector as Eq. (11). 

xm = [x1, θ1, x2, θ2,⋯, xn, θn]
T (10)  

rm = [1,0, 1,0⋯,1, 0]T (11) 

The connection unit between each lumped mass is modelled as a Euler-Bernoulli beam unit, and the stiffness matrix Km obtained is 
as Eq. (12), where A is the area of the core; E is elastic modulus of the core; I is the moment of inertia of the core with respect to the 
bending axis; L is the floor height and α is the angle of reference with respect to the global coordinate 

The initial three orders of the vibration modes of the structure are obtained using a simplified discrete model as shown in Fig. 11. 
The results are consistent with the bending deformation of the frame-core tube structure. 

Fig. 10. Schematic of a simplified discrete model.  

Fig. 11. Schematic of the vibration model.  
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Km =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1bb + k1aa k1ab

k1ab k1bb + k2aa k2ab

k2ba k2bb + k3aa

0

0

⋱ k(n− 2)ab

k(n− 2)ba k(n− 2)bb + k(n− 1)aa k(n− 1)ab

k(n− 1)ba k(n− 1)bb + k(n)aa

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(12)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k(i)aa =

⎡

⎢
⎢
⎢
⎣

AE
L

sin2 α +
12EI
L3 cos2 α 6EI

L2 cos α

6EI
L2 cos α 4EI

L

⎤

⎥
⎥
⎥
⎦

k(i)ba =

⎡

⎢
⎢
⎢
⎣

−
AE
L

sin2 α +
12EI
L3 cos2 α 6EI

L2 cos α

−
6EI
L2 cos α 2EI

L

⎤

⎥
⎥
⎥
⎦

k(i)ab =

⎡

⎢
⎢
⎢
⎣

−
AE
L

sin2 α +
12EI
L3 cos2 α −

6EI
L2 cos α

6EI
L2 cos α 2EI

L

⎤

⎥
⎥
⎥
⎦

k(i)bb =

⎡

⎢
⎢
⎢
⎣

AE
L

sin2 α +
12EI
L3 cos2 α −

6EI
L2 cos α

−
6EI
L2 cos α 4EI

L

⎤

⎥
⎥
⎥
⎦

(13) 

The cables are selected to be anchored at every fourth floor of the structure, due to the existence of reinforcement. Fig. 12 shows the 
different layouts of the CBSBIS in structure. It is important to note that the cables be anchored across floors, thus the building layout, 
for example elevator shafts, pipelines, etc., can be utilised effectively in the actual installation to reduce the installation openings. The 
equations of motion for frame-core structures equipped with the CBSBIS are as follows: 

Mẍ+Cẋ + Kx = − Mrẍg (14)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x =
[
xm

T , xd
]T

r =
[
rm

T, 0
]T

M =

[Mm 0
0 md

]

C =

[Cm 0
0 cd

]

K =

⎡

⎣
Km + TT

c kdTc − TT
c kd

kdTc kd

⎤

⎦

(15)  

where md , cd and kd are apparent mass, damping coefficient and tuning stiffness of the CBSBIS respectively; xd is the displacement of 
inerter; Tc is the transformation matrix of the cable displacement, depending on the scheme of cable-bracing, inerter system instal
lation and anchorage position. When the CBSBIS is installed in idth layer and the cables are anchored in jdth layer, the expression for Tc 
is as follows: 

Fig. 12. Schematic of different cable-bracing schemes in the frame-core tube structure.  

L. Xie et al.                                                                                                                                                                                                              



Journal of Building Engineering 95 (2024) 110210

10

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

Tc = βxRcx + βθRcθ

Rcx = Rcθ =

⎡

⎣0,⋯, − 1
⏞⏟⏟⏞

id

,⋯, 1
⏞⏟⏟⏞

jd

,0,⋯,0
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

2n

⎤

⎦(ungrounded)

Rcx = Rcθ =

⎡

⎣0,⋯, 1
⏞⏟⏟⏞

jd

,0,⋯, 0
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟

2n

⎤

⎦(grounded)

(16)  

3.2. Parameter optimization for modal control 

Ikago et al. [24] derive an expression for the optimization parameters of an inerter system applied to a single degree of freedom 
structure using fixed point theory. For multi-degree-of-freedom structures, the effective control band of the inerter system is narrow 
due to the characteristics of the linear control system. Therefore, this paper adopts the strategy of controlling specific modes of the 
structure to enhance the performance of CBSBIS and simplify its design. The modal decomposition of Eq. (8) is shown below: 

ϕi
TMmϕiq̈mi +ϕi

TCmϕiq̇mi + ϕi
TKmϕiqm i = − ϕi

TMmrmẍg (17)  

where ϕi is the ith order vibration mode of the structure and qmi is the corresponding generalized coordinate. Assuming that the 
structure vibrates in a specific mode, the displacements of the structure and the inerter can be expressed by the previous derivation as 
follows: 

Fig. 13. The displacement transfer function of the top floor of the structure(a) displacement; (b) acceleration.  
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{
xm = ϕiqmi
xd = Tcϕiqdi

(18) 

By substituting Eq. (18) into Eq. (14), the following equations of motion are obtained with respect to the generalized coordinates 
qmi and qdi. 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mq̈mi + cq̇mi + kqmi + kd(qmi − qdi) = − ϕi
TMmrmẍg

mdq̈di + cdq̇di + kd(qdi − qmi) = 0
m = ϕi

TMmϕi,md = ϕi
TTT

c mdTcϕi

c = ϕi
TCmϕi, cd = ϕi

TTT
c cdTcϕi

k = ϕi
TKmϕi, kd = ϕi

TTT
c kdTcϕi

(19) 

The modal generalized mass ratio μi can be defined on the basis of the above equation as follows: 

μi =
md

m
=

ϕi
TTT

c mdTcϕi

ϕi
TMmϕi

(20) 

Comparing Eq. (19) and the equations of motion of a single degree of freedom structure equipped with inerter system [24], it can be 
obtained that the optimization parameters of the inerter system for the ith order modal control of a multi-degree-of-freedom structure 
using the fixed-point theory as follows: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

md
opt =

μiϕi
TMmϕi

ϕi
TTT

c Tcϕi

kd
opt

=
μiϕi

TKmϕi

(1 − μi)ϕi
TTT

c Tcϕi

cd
opt = μi

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3μi

(1 − μi)(2 − μi)

√
ϕi

TMmϕi

ϕi
TTT

c Tcϕi
ωi

(21)  

Where ωi is the ith order natural frequency of the structure. Generally, a larger mass ratio provides better control of the ith order modes 
of the structure, but the corresponding cost is higher and this has to be weighed against the choice. Because of the superposition of 
linear systems, multiple CBSBIS can be installed to control multiple modes of the structure at the same time. 

The effect of controlling the first and second order modes of the structure separately and simultaneously is demonstrated below 
using the displacement transfer function of the structure as an example of the vertical cable bracing. The inerter system is installed on 
the ground floor and the cable is anchored on the top floor. The corresponding optimization parameters of the inerter system are 
obtained according to Eq. (21) in the table below. Fig. 13 shows the displacement transfer function for the horizontal displacement of 
the top floor of the structure. 

Fig. 13a and b demonstrate that the CBSBIS installed for structure-specific modal control has a favourable effect on the corresponding 
peak modal responses of both the top layer displacement and acceleration and has little influence on the other modes. Therefore, it can be 
seen that simultaneous control of the first and second order modes of the structure can effectively reduce the peak resonance response 

Fig. 14. Vibration shapes of the original structure and structure equipped with the CBSBIS.  
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corresponding to the first and second order modes at the same time. The reasons for the low mutual influence of the modal control are as 
follows: i, due to the different natural frequencies of each order of the structure, the CBSBIS needs to be tuned to optimise different 
frequencies resulting in a weaker effect on the control of the other modes; ii, from the discussion in the following sections, it is clear that 
the optimal installation location of the CBSBIS for the control of the different modes is different, resulting in a further weakening of the 
effect on the other modes. Fig. 14 illustrates the first three orders of vibration shape of the original structure and the first four orders of 
vibration shape of the structure with CBSBIS installed to control the structure for the first two orders of modes of the structure, 
respectively. It can be observed that for structure-specific mode control, the installation of CBSBIS adds a mode to the structure, with the 
mode shapes and self-oscillation frequencies essentially remaining consistent with those of the original structure, without affecting other 
modes. This is consistent with the frequency response function of the structure depicted in Fig. 13. This effectively reduces the peak 
response of the modes to be controlled without significantly affecting the dynamic behaviour of the structure. 

3.3. Topology optimization for modal control 

The cable displacement transformation matrix Tc has a significant impact on the control performance of the CBSBIS, as demon
strated in the previous sections. It is determined mainly by the installation schemes and the anchorage position of the cable. Therefore, 
this section focuses on the optimized installation position and schemes of the CBSBIS for the example frame-core tube structure. 

From the modal control method in the previous section, it is known that the modal generalized mass ratio μi determines the control 
effect of the equivalent two-degree-of-freedom system shown in Eq. (19). The relationship between the modal generalized mass ratio and 
the optimized CBSBIS mechanical parameters is obtained through Eq. (21). It is evident that for a certain modal generalized mass ratio, 
the larger the Tcϕi, the smaller the mechanical parameters required, indicating the higher the control efficiency of the system. To quantify 
the effect of topology optimization of the CBSBIS, the modal displacement transformation efficiency coefficient βi is defined as follows: 

βi =Tcϕi (22) 

The larger the βi, the more efficient the CBSBIS is, theoretically, in controlling the specific modes of the structure. Although in 
practice the cables are anchored to the reinforcing layer of the example structure, the CBSBIS can be installed at any floor to better 
demonstrate the effect of different installation positions on the βi. Figs. 14 and 15 show the variation of normalized βi for different 
cable-bracing schemes and all possible anchorage positions for first and second order modal control of the structure. 

Fig. 15 shows that the optimal anchorage location for the first order modal control of the structure is the top layer with the largest 
deformation. Additionally, the vertical cable-bracing scheme is more suitable for the bending deformation predominantly frame-core 
tube structure, compared to the diagonal and inverted-V cable-bracing schemes that utilize shear deformation predominantly. Fig. 16 
shows the optimal anchorage location for the second order modal control of the structure. The vertical connection remains the most 
effective for the frame-core tube structure. It can be observed that the optimal installation position of CBSBIS has substantially changed 
and that the various connection schemes of the cable result in different optimal installation positions. It is also clear that for inap
propriate installation positions for higher order modal control of the structure, βi is close to zero, which can lead to very poor control 
performance of the CBSBIS. Consequently, it is of paramount importance to select the installation position of CBSBIS for the control of 
different modes of the structure. Table 2 lists the optimal installation locations for different cable-bracing schemes for the first second 
order modal control of the structure. The first value in brackets represents the level at which the inerter is located (0 for ground level) 
and the last value represents the level at which the cable is anchored. 

Fig. 17 displays the displacement and acceleration transfer functions for different positions of the CBSBIS installed with the 
optimized parameters for first-order modal control given in Table 1. It can be seen that the optimum installation position has the best 
control of the resonance peak for the first mode, whereas CBSBIS has almost no effect when the cables are anchored in the bottom 
where the underlying deformation is small. 

3.4. Parameter analysis for CBSBIS 

This section focuses on the transfer function to investigate the effect of CBSBIS parameter variations on the resonance peaks 
corresponding to each mode. Eq. (19) provides the equations of motion for the equivalent two-degree-of-freedom system 

Fig. 15. Schematic diagram of first order modal control with different anchorage positions for beta(a) Diagonal cable bracing; (b) Inverted-V cable bracing; (c) 
Vertical cable bracing. 
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corresponding to each order of modes of the structure. It is evident that the control effect of CBSBIS on the equivalent system cor
responds to the control effect on the relevant modes of the structure. Eq. (19) is dimensionlessised as follows: 

⎧
⎪⎨

⎪⎩

q̈mi + 2ζiωiq̇mi + ωi
2qmi + κiωi

2(qmi − qdi) = a0i

μiq̈di + 2ξiωiq̈di = κiωi
2(qmi − qdi)

(23)  

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ωi =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ϕi
TKmϕ

ϕi
TMmϕi

√

, ζi =
ϕi

TCmϕi

2ωiϕi
TMmϕi

, a0i =
− ϕi

TMmrmẍg

ϕi
TMmϕi

κi =
ϕi

TTT
c kdTcϕi

ϕi
TKmϕi

, ξi =
ϕi

TTT
c cdTcϕi

2ωiϕi
TMmϕi

(24) 

Fig. 16. Schematic diagram of second order modal control with different anchorage positions for beta(a) Diagonal cable bracing; (b) Inverted-V cable bracing; (c) 
Vertical cable bracing. 

Fig. 17. The transfer function of the top floor of the structure for different anchorage position (a) displacement; (b) acceleration.  

Table 1 
Optimal parameters by fixed-point theory.  

modes to be controlled μi md
opt (105kg) cd

opt (102 kN/m/s) kd
opt (103 kN/m) 

1 0.005 6.534 1.356 3.740 
2 0.005 0.553 0.708 12.036  

Table 2 
Modal control of optimal anchorage position.  

cable-bracing scheme 1st mode 2st mode 

Diagonal cable bracing (0,40) (12,40) 
Inverted-V cable bracing (0,40) (0,29) 
Vertical cable bracing (0,40) (9,40)  
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By Laplace transform on both sides of the above formula, defining β = ω/ωi, the transfer function of corresponding generalized 
coordinate qmi can be obtained as follows: 

H(iβ)=
L(qmi)

ωi
2L(a0i)

=
− μiβ

2 + 2βξii + κi

2ζiβ
(
β2μii − κii + 2βξi

)
+ 2ξiβi

(
β2 − κi − 1

)
+ β2κiμi −

(
1 − β2)( κi − μiβ

2) (25) 

The research in this paper is concerned with the control of the peak response of each mode of the structure. In order to calculate the 
maximum displacement response of the structure, define the norm H∞ as: 

H∞ =max{|H(iβ)|} (26) 

Figs. 18 and 19 illustrate the impact of variations in CBSBIS’s stiffness and damping on the peak displacement response of the first 
and second modal equivalent system of the structure. The CBSBIS is installed in a vertical cable-bracing way and in an optimal position. 
The modal generalized mass ratio μi is 0.05, 0.1, and 0.2, respectively, and the generalized stiffness ratio κi and generalized damping 
ratio ξi are [0.01, 0.5], and [0.001, 0.1], respectively. As can be seen in Figs. 18 and 19, there is a valley in the peak displacement 
response in the parameter domain, and the parameters optimized by modal control lie exactly within this valley. Furthermore, an 
increase in the modal generalized mass ratio results in a decrease in the peak displacement response. In addition, the dashed line in 
Fig. 18 indicates the range of parameter values where the peak response of the structure after installation of CBSBIS is reduced by 70 % 
relative to the original frequency domain peak response of the structure. It can be seen that the parameters obtained from the modal 
control optimization are still well within this range and allow for some parameter variation. This means that even with some variation 
in the CBSBIS tuning, there is still good vibration control performance. This confirms the validity and robustness of the parameter 
optimization formulation for modal control proposed in the previous section. 

3.5. Design flowchart of CBSBIS 

Based on the previous discussions of CBSBIS topology optimization and structural modal control methods, the design flow of 
CBSBIS as shown in Fig. 20 can be summarized as follows. 

Step 1: Initial structural analysis and identification of modes to be controlled. It should be noted that CBSBIS can also be applied to other 
structural types. In this paper, the frame-core tube structure is chosen as the research object because its overall bending defor
mation characteristics and the existence of outrigger are more conducive to the discussion and effect enhancement of different 
topological forms of CBSBIS. The initial structural analysis is conducted with the objective of obtaining the dynamic properties of 
the structure, which serve as the foundation for subsequent topology optimization and modal control. The modes to be controlled 
are identified by analyzing the contribution of each mode to the dynamic response of the structure. 
Step 2: Calculate the modal displacement transformation efficiency coefficient β and determine the connection scheme and installation 
location of the CBSBIS. This step calculates the modal displacement transformation efficiency coefficient β for the different cable 
connection scheme and installation positions of the CBSBIS for the modes to be controlled. The coefficient β reflects the efficiency of 
the different topological forms of the CBSBIS to utilize the structural deformation to drive itself into action. The optimal cable 
arrangement and installation position of the CBSBIS is thus obtained by maximizing the coefficient. It should be noted that in the 
context of a specific project, the installation of the CBSBIS should be considered in conjunction with the architectural layout of the 
structure. This involves the use of lift shafts, pipe shafts and other existing channels to arrange the cable in a way that avoids the 
later openings and other destructive layout. 
Step 3: Design optimization parameters for CBSBIS. This step is concerned with the determination of the parameters of CBSBIS 
through the modal control parameter optimization method. It should be noted that following the determination of the parameters, 
the cable anchor nodes must be reinforced by the prediction of the output force in order to prevent damage. 
Step 4: Validation. It is necessary to verify that the dynamic response control of the structure equipped with CBSBIS achieves the 
target performance. If this is not met, it is necessary to return to step 1 to increase the number of modes of the structure to be 
controlled or to return to step 3 to increase the design mass ratio. 

Fig. 18. Contour plots of the maximum displacement response of the structural first mode equivalent system(a) μ = 0.05;(b) μ = 0.10;(c) μ = 0.20.  
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4. Case validation and comparison 

This section selects a total of 24 natural seismic waves in accordance with Chinese code [62], including pulse-like and no pulse-like 
seismic waves as inputs to verify the optimization effect of different cable-bracing schemes and locations of CBSBIS on the control of 
structural dynamic response. Meanwhile, the performance of CBSBIS is also compared with two different damping systems, a damped 
outrigger (DO) with the same additional damping parameters and a tuned mass damper (TMD) with the same mass. It is reasonable to 
posit that the true physical mass of the TMD and the CBSBIS is equivalent in the comparison, given that both the TMD and the CBSBIS 
function by being tuned to a specific frequency. An important metric of a tuned damping system is the additional mass required. Note 
that it is assumed that the apparent mass amplification of the CBSBIS is 100 times, which means that the mass of the TMD is 1/100 of 
the apparent mass of the CBSBIS. The parameters of the TMD are optimally designed using fixed point theory method described in 
Ref. [63] which is the same optimization as the CBSBIS. Fig. 21 shows a schematic diagram of the TMD attached to the top of the 
structure. Also, in a conventional damped outrigger structure, the other end of the damper is attached to the perimeter column and 
therefore the axial deformation of the perimeter column has to be taken into account. The analysis in this paper is simplified by the fact 
that the perimeter column is considered to have infinite stiffness. The damped outrigger (DO) structure is shown in Fig. 22. This 
simplification takes too much account of the role of dampers. 

For the first-order modal control of the structure, it is assumed that the CBSBIS is installed in different cable-bracing schemes, with 
their respective modal generalized mass ratios of 0.05. At the same time, the first and second order modes are considered to be 
controlled simultaneously for the vertical cable-bracing scheme, and compared with the different damping systems. The parameters of 
the CBSBIS for different topological forms and damping system are shown in Table 3. Strategies 1–4 correspond to different topological 
forms of CBSBIS and 5–6 correspond to different damping systems. 

To better quantify and compare the control effects of different systems on the dynamic response of the frame-core tube structure, 
two indicators, the floor acceleration and the harmful inter-story drift ratio, are selected as control objects. The harmful inter-story 
drift ratio is defined as follows: 

Fig. 19. Contour plots of the maximum displacement response of the structural second mode equivalent system(a) μ = 0.05;(b) μ = 0.10;(c) μ = 0.20.  

Fig. 20. Design flowchart of the CBSBIS.  
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Δj =
xj − xj− 1 − θj− 1hj− 1

hj− 1
(27) 

where Δj is the harmful inter-story drift ratio of layer j, xj is the displacement of layer j, and θj is the rotation angle of layer j. The 
harmful inter-story drift ratio is more representative of the deformation state of the structure than the traditional definition of inter- 
story drift ratio, as it neglects the difference in floor displacement due to rotation of the rigid body. At the same time, for a more 
intuitive representation of the performances of different vibration control systems and topology optimization, the acceleration control 
ratios γa and the harmful inter-story drift ratio control ratios γΔ are defined as follows： 

Fig. 21. A TMD attached to the top of the structure.  

Fig. 22. Damped outrigger structure.  

Table 3 
Specific parameters for different topological forms of CBSBIS and damping systems.  

Strategy installation position md(107kg) kd(108N/m) cd(107N/m/s) 

1 CBSBIS Vertical bracing (0,40) 0.65 0.39 0.44 
2 (0,40), (9,40) 0.65,0.055 0.39,1.26 0.44,0.23 
3 Inverted-V bracing (0,40) 1.26 0.76 0.86 
4 Diagonal bracing (0,40) 3.41 2.05 2.32 
5 DO (39,40) – ∞ 0.67 
6 TMD 40 0.71e− 2 3.79e− 3 3.55 e− 3  
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⎧
⎪⎨

⎪⎩

γa =
a0 − a

a0

γΔ =
Δ0 − Δ

Δ0

(28)  

where a and Δ are the controlled structural acceleration and harmful inter-story drift ratio; a0 and Δ0 are the uncontrolled structural 
acceleration and harmful inter-story drift ratio. 

Fig. 23 shows the mean and max control ratios of the structure equipped with different topological forms of CBSBIS for the mean 
square value of the acceleration at the top of the structure and the maximum value of the harmful inter-story drift ratio at the bottom 
under multiple seismic waves inputs. Fig. 25 shows the maximum dynamic response of the structure at each floor for one of the seismic 
wave inputs. It is evident that the control performance of the three cable-bracing schemes is similar for the same modal generalized 
mass ratio. However, the vertical bracing scheme requires smaller optimization parameters than the other two, indicating more 
efficient control. Furthermore, the additional mass required by CBSBIS for the three connection schemes is in agreement with the ratio 
of the calculated modal displacement transformation efficiency coefficient β. This corroborates the findings of the previous sections, 
which indicate that the vertical bracing scheme is more effective in utilizing the overall bending deformation of the frame-core tube 
structure, particularly through the outriggers, which amplify the displacement driving the CBSBIS. Comparison of strategies 1 and 2 
reveals that simultaneous control of multiple modes of the structure gives better results. It is evident that strategy 2 is significantly 
more effective than strategy 1 for acceleration control, possibly because the higher order modes of the structure contribute more to the 
acceleration. Therefore, in practice, multiple modes can be selected for simultaneous control. Figs. 24 and 26 compare the performance 
of CBSBIS with two other damping systems. It can be observed that CBSBIS outperforms the remaining two vibration damping systems, 
both in terms of structural harmful inter-story drift ratio and top floor acceleration control. In particular, CBSBIS can demonstrate a 
thousandfold amplification through rational design, which has a significant effect on the lightweighting of high-rise or ultra-high-rise 
vibration damping systems. Fig. 27 illustrates the acceleration time history at the top of the structure for a specific seismic wave input, 
which provides a more detailed visual representation of the control effect of the CBSBIS. The force-displacement curve of the damper in 
Fig. 28 shows the more efficient energy consumption of the CBSBIS. The CBSBIS damped hysteresis loop is fuller which means more 
energy dissipated than the damped outrigger. 

5. Conclusions 

This article explains the fundamentals of the self-balanced inerter and how it may be used in cable-bracing systems. It also suggests 
various cable connection schemes and goes into considerable detail about how to calculate the cable’s displacement while using each 
method. Based on the motion equations of the different connection schemes applied to the frame-core tube structure, the optimal 
design methods and topological analysis of the CBSBIS are proposed. And an example is used to validate the accuracy of the analysis. 
The damping energy dissipation and control effects of CBSBIS and two other damping systems are verified by comparison with ex
amples. The main conclusions are as follows.  

(1) The self-balanced inerter can realize the self-balanced of the torque on the lead screw by adopting the design method of lead 
screw with right-hand and left-hand threads, which is convenient for the application of the pure tension system and obtains 
thousands of times magnification of apparent mass.  

(2) The cable-bracing schemes and installation positions of the CBSBIS system in the frame-core tube structure significantly affect 
its control effect. The vertical bracing scheme is more effective in utilizing the overall bending deformation of the frame-core 
tube structure, particularly through the outriggers, which amplify the displacement driving the CBSBIS. The vertical bracing 
scheme in the example structure is highly efficient in utilizing structural deformation, with a capacity to accommodate 
deformation of up to 100 % and 400 % greater than that of inverted-V bracing and diagonal bracing schemes, respectively. The 

Fig. 23. Control ratios of different topological forms of CBSBIS (a) γa for top layer; (b) γΔ for bottom.  
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Fig. 24. Control ratios of different damping systems (a) γa for top layer; (b) γΔ for bottom.  

Fig. 25. Maximum dynamic response of CBSBIS for different topological forms under CHICHI seismic wave (a) floor acceleration; (b) harmful inter-story drift ratio.  

Fig. 26. Maximum dynamic response of different damping systems under CHICHI seismic wave (a) floor acceleration; (b) harmful inter-story drift ratio.  
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method of structural modal control can select the installation position of CBSBIS more rationally and make the design of CBSBIS 
simpler.  

(3) The frame-core tube structure equipped with CBSBIS for topology optimization and modal control has significantly improved 
the control of the structure’s harmful inter-story drift ratio and acceleration response through the time-history analysis of 
multiple seismic waves. Specifically, the simultaneous control of the first two modes of the structure in the example analysis 
yields an average improvement of 57 % in the acceleration control ratio γa and an average improvement of 32 % in the harmful 
inter-story drift ratio control ratios γΔ, in comparison to controlling the first mode of the structure. Compared to the traditional 
damped outrigger control system and TMD, CBSBIS demonstrates more efficient energy consumption and control performance 
which improves the γa and γΔ of the structure by an average of 65 % and 81 % compared to the DO, and an average of 72 % and 
48 % compared to the TMD. 

Of course, it is evident that CBSBIS possesses certain inherent limitations in practical engineering applications. For instance, the 
cross-floor cable arrangement exerts a pronounced influence on the original building layout of the structure, and the efficiency of the 
cable displacement conversion is diminished in the non-outrigger structure. Consequently, the actual CBSBIS topology optimization 
results must be enhanced by integrating project situation-specific considerations, such as utilizing existing lift shafts, pipelines and 
other available spaces to arrange the cable in a manner that avoids the necessity for additional openings or a greater impact on the 
building layout. 
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