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Suspending tuned mass dampers (TMDs) from long-span domes has been studied to mitigate seismic responses of
long-span domes. However, the strict weight limitations on the suspension mass in conventional tuned mass
dampers (TMDs) hinder their widespread adoption. To address this issue, we introduce the inerter-enabled tuned
mass damper (IeTMD) that consists of a suspension mass, tuning spring, and a tuned viscous mass damper
(TVMD) sub-system into the seismic vibration mitigation of long-span domes. Under the assumption that long-
span domes remain within the elastic range and adhere to the small deformation hypothesis, we have pro-
posed simplified design formulae for IeTMDs, guided by the lightweight-based seismic vibration control crite-
rion. Parametric studies are conducted to illustrate the degree to which an IeTMD can improve the performance
of the long-span dome when its key parameters change within certain ranges. The effectiveness of the design
strategy in exploiting the damping enhancement effect is confirmed. Time history responses of a benchmark long-
span dome demonstrate that the IeTMD has high control efficiency, as bi-directional displacements, accelera-
tions, and base shear are significantly reduced. Comparative analyses between the proposed IeTMD and con-
ventional TMD are conducted. Results show that the IeTMD designed by the simplified design formulae can
achieve the target control performance with less suspension mass. Furthermore, the frequency analysis shows
that the proposed IeTMD contains a wider control frequency band than conventional TMD, illustrating the
promising approach for long-span domes.

1. Introduction

Long-span structures covering vast spaces have fascinated genera-
tions of engineers. Until recent centuries, the completion of compre-
hensive knowledge in mechanics and development of construction
technology enabled long-span domes to be applied to various public
buildings for the synthetic function of commercial and recreational ones
[1]. With the appropriate form-finding design, the capacity of long-span
domes for bearing vertical gravity can be obtained. However, limited by
its little inherent damping, the long-span domes may experience sig-
nificant vibrations and deformations subjected to dynamic loads, such as
earthquakes [2-7]. Lessons from the reported damages of long-span
domes during the Kobe Earthquake of 1995 [8], the Wenchuan Earth-
quake of 2008 [9], and the Tohoku Earthquake of 2011 [10] urge en-
gineers to pay attention to the seismic response mitigation of long-span
domes. Public buildings with long-span domes are usually the first
choice for temporary shelter after an earthquake [11], further increasing

* Corresponding author.
E-mail address: liyuxie@tongji.edu.cn (L. Xie).

https://doi.org/10.1016/j.istruc.2023.105408

the need to guarantee their seismic performance.

Ishikawa and Kato [4] examined the dynamic properties of single-
layer reticular domes and proposed an empirical function of the safety
factor against gravity loading for estimating collapse accelerations. Kato
et al. [5] noted that, in contrast to conventional building structures,
significant anti-symmetric vertical responses play a crucial role in the
vibration of long-span domes even when subjected to horizontal ground
motions. Takeuchi et al. [12,13] proposed amplification factors to esti-
mate the seismic responses of long-span domes, considering their
interaction with the supporting structures. Thus, through numerical
analysis and shaking table experiments, the failure mechanisms of
various types of long-span structures subjected to severe earthquakes
[14-19] have been understood. An increasing number of response
control techniques [20-23] have been implemented to improve the
performance of long-span domes subjected to ground disturbances. The
tuned mass damper (TMD) has been extensively studied due to its
straightforward fabrication and installation procedures. Tsuda and
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Ohsaki [24] invented a three-degree-of-freedom TMD by combining
three springs, a viscous damper, and a suspension mass to control the
vibration of long-span structures under the excitation of bi-directional
ground motions. Yoshinaka and Kawaguchi [25] proposed spatially
dispersed multiple TMDs for controlling multiple modes of long-span
domes within a particular frequency band. Therefore, by solving a
mixed integer programming (MIP) problem, Yamakawa et al. [26] ob-
tained the spatial arrangement and optimal parameters of multiple
TMDs simultaneously. Nonetheless, the upper limit of the suspension
mass ratio, the ratio between the suspension mass and the primary
domes’ mass, e.g., 1-5 % [24], still impedes the application of TMD for
seismic response control of long-span domes, especially in the retrofit-
ting scenario. In addition, the robustness of TMD must be further
improved to address the challenge posed by the closely spaced modes
inherent to long-span domes.

Recently, inerter, a mechanical element that generates a resistant
force proportional to the relative acceleration between its two inde-
pendent terminals [27-34], has garnered the attention of researchers as
a possible solution to the problems mentioned above associated with
conventional TMDs. Kawamata’s liquid mass pump [35], proposed in
the 1970s, is the precursor to the two-terminal acceleration-based de-
vice in civil engineering. In 1999, Arakaki et al. [36,37] introduced a
series of rotary dampers that utilized ball screws to convert the linear
movements of the damper into the high-speed rotational motion of its
inner tube. Later, Saito et al. [38] developed the tuned viscous mass
damper (TVMD) by adding a flywheel to the rotary damper to inten-
tionally take advantage of the apparent mass amplification effect caused
by the inner tube’s rotation. Ikago et al. [39] extended the fixed-point
method, commonly used for conventional TMDs, to the TVMD.
Through theoretical and experimental analysis, they demonstrated that
the TVMD outperforms the VMD and viscous damper. As reported, the
TVMD has already been implemented in high-rise buildings in Sendai
[40] and Tokyo [41]. Besides, Lazar et al. [42] investigated a different
type of inerter-based device called a tuned inerter damper (TID), which
shares the same configuration as conventional TMDs. Zhang et al. [43]
clarified the correlation between the damping enhancement effect and
the response mitigation effect of inerter-based devices. Djerouni et al.
[44] connected two rooftop TMDs with an inerter, proposing the
concept of a double mass tuned damper inerter, which was validated
using one hundred near and far-field ground motions to assess its seismic
mitigation performance. Furthermore, Djerouni et al. [45] have also
proven the effectiveness of inerter-based devices in mitigating pounding
of adjacent buildings.

Additionally, Giaralis and Marian [46] and De Domenico and Ric-
ciardi [47] improved the performance of the TMD by integrating it with
the primary structure through an inerter, resulting in a tuned mass
damper inerter (TMDI). However, the grounded connection form hin-
ders the broad applications of TMDI, especially the long-span domes.
Garrido et al. [48] suggested employing a TVMD-like sub-system as the
energy dissipation element in a TMD, known as the rotational inertia
double-tuned mass damper (RIDTMD). They demonstrated the superior
control effectiveness of RIDTMD on a single-degree-of-freedom system
compared to a conventional TMD. Barredo et al. [49-51] extended Den
Hartog’s technique to derive closed-form design formulae for three
distinct types of inerter-enabled TMDs (IeTMDs). Zhang et al. [52,53]
investigated the lightweight control effect of IeTMD for wind turbine
towers under the influence of ground motions and wind loads. Zhang
and Larsen [54] derived optimal calibration formulae for the RIDTMD,
based on the pole-placement method, for controlling the rotation of
wind turbine blades. Despite the lightweight potential of IeTMD, there is
still uncertainty surrounding its implementation in long-span domes. A
practical design method for the long-span domes equipped with IeTMDs
is also desirable.

In this study, we introduce a well-developed and small-scale IeTMD
to mitigate the seismic response of long-span domes. Under the
assumption that long-span domes remain within the elastic range and
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adhere to the small deformation hypothesis, easy-to-use and simplified
design formulae are proposed for IeTMD to facilitate the lightweight-
control-oriented design criterion and desired control performances.
Then, we conducted parametric and comparative studies to illustrate the
effectiveness and efficiency of the proposed design method.

2. Basic concepts of long-span dome equipped with IeTMDs

With the rapid development of long-span domes for the synthetic
functions of commercial and recreational ones, high-performance long-
span domes are preferable in constructing resilient cities. This section
introduces the well-developed and small-scale [eTMD, including its
suspending method, mechanical model, and physical realization. Then,
the mechanical model of the original and IeTMD-equipped long-span
domes is established, together with its governing equation for the finite
element analysis in this study.

2.1. 1eTMD model

The prototype example in Fig. 1(a) demonstrates how the suspending
IeTMD is quite compactly realizable. Two springs with different stiff-
nesses connecting the dome’s suspension point to the external tube and
the ball screw, respectively, can tune the suspension mass and the
inherent TVMD-like substructure to specific frequencies. The ball screw
and nut convert the tuning spring’s linear motion into the internal tube’s
rotation to achieve amplified inertia, realizing the inerter mechanism.
Meanwhile, the viscous material filling the external and internal tube
gaps is utilized as an energy dissipation element. The idealized me-
chanical model of the IeTMD is shown in Fig. 1(b), where k; and ki,
represent two springs’ stiffnesses, respectively. The thickness and type of
the viscous material affect the damping coefficient (ci,), a measure of the
energy dissipation element. my, is the apparent mass of the inerter
element, determined by the ball screw’s lead length [39]. m, is the
suspension mass of the IeTMD, which equals the device’s total physical
mass.

Assuming the vertical displacement of the suspension mass and that
of the ball screw are u; and uj,, respectively, the governing motion
equations of the [eTMD can be expressed as:

mytl, = ky(u — uo) + kin (t6in — o)

. . N . 1
ki (i — o) = Cin | e — thin | + i | G — um) M

where uy is the vertical displacement of the dome’s suspension point.

Note that when linking the ball screw directly to the dome’s sus-
pension point (kj; = o) and minimizing the apparent mass mj, (my, =
0), the IeTMD will be converted to a conventional TMD, and the gov-
erning motion equations are:

myliy = kl(”l - ”0) + Cin ('/21 - Li()) 2)

2.2. Long-span dome model

Fig. 2 depicts the models of the long-span domes with and without a
suspension [eTMD in OpenSees. H, h, and L denote the column height,
the dome’s rise, and the dome’s span, respectively. R and 6 symbolize
the dome’s radius and half-subtended angle, respectively. An assem-
blage of elastic beam elements with concentrated translational node
masses is adopted to accelerate the computational efficiency needed to
simulate the long-span domes. E, A, and I are Young’s modulus of the
material, cross-sectional area, and section’s second moment of the arch
beams and column legs. The motion equations of the primary dome
subjected to ground motion can be expressed as follows:
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Fig. 1. 1eTMD: (a) prototype example (b) mechanical model.
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Fig. 2. Long-span domes with and without a suspension IeTMD (in OpenSees).
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where, n is the number of the dome’s discrete nodes. The horizontal,
vertical, and rotational displacements of the dome’s discrete nodes are
denoted by x,, yp, and 6, respectively. [Mpl, ., [Kp|s, . 4 and
[Cphnx?,n are the dome’s mass, stiffness, and damping matrices,
respectively:

M,

pX
My, “
M, PO

[MP} 3axdn

Kp,x.x Kp.x,y Kp,xﬂ
[KF] Inx3n Koyx Kpyy Kpyo ()
Kp.ﬁ.x Kp.H.y Kp.&ﬂ

|:C‘l;:| 2nx2n - [M;] 2nx2n T [K;] 2nx2n (6)

where, Mpx, My, and M, are diagonal matrices denoting the hori-
zontal, vertical, and rotational masses of the dome’s discrete nodes [24].
a1 and ay are the Rayleigh coefficients.

Ignoring the rotational masses of the dome’s discrete nodes [55],
which contribute less to the seismic responses, Eq. (3) can be further
simplified with static condensation:

AR TR IO
[ P 2nx2n yp + Cp 2nx2n yp + 3 2nx2n yp
=[] e @
where,
. M,
M°] = | M 8
[ PJ2nx2n { Mp7y:| ®
K, K,y Ko,
KC] — XX pxy | _ -P.X, K 1 K, . K ! 9
[ P | opxon |: pr,x Kp.y,y:| |: pr, 9:| p.€,9[ P02 p,e.,\} ( )
] —ar]  twlk] 10
PJ2nx2n P Jonx2n P Jonx2n

For long-span domes, K, y, K, x, and K, in Egs. (5) and (9) are of
nearly the same order of magnitude. Long-span domes, in contrast to
conventional building structures, display a heightened coupling be-
tween horizontal and vertical vibrations [5]. This implies that effective
control of the dome’s horizontal and vertical vibrations can be achieved
by installing IeTMDs in either a horizontal or vertical orientation. To
simplify installation, [leTMDs are vertically suspended directly from the
long-span dome, as illustrated in Fig. 2.

By combining the motion equations of the primary dome subject to
ground motion (Eq. (3)) with the IeTMD motion equations (Eq. (1)), we
can obtain the motion equations of the dome under the control of the
IeTMDs:

Xp Xp p
M]Q P B 4[CI0 P B KIQ TP b = M) (P} an
yin ym Yin
Nt Nt Ve
M, +RMR’ |
M] — Moy 12)
| M, +M;, —M,;
_Min Min
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K+ Onxn ‘ 0n><nd onxnd
P Rc(Kin + Kt)Ré _RcKin _RcKl
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[Onxnd 7KmRZ-:| ‘ Kin
[Onan, —KR!] K:
[c]= | Ci —Cq (14)
i —Cy  Cq4

M, +RMR"

M) = (15)

Ml Ond Xxng

Onysng O,

M, = diag(ml.h sy My "'7ml.nd)
M;, = dlag (min.h 0ty Minggy =** Minng
K, = diag (ko1 -+, ki -+, ki) (16)
K, = diag(kin.h -+, Kingi, "'skin‘nd)
Cy= diag(cd,l«, **y Cdiy 5 Cdng

where, ng is the number of IeTMDs suspended from the dome. y;, and y,
are the vertical displacement vectors of the suspension masses and ball
screws of [eTMDs:

Yin = {Dints -+ Vimis 5 i }T
in = Win1» s Yinyis 7)m.ndT (17)
Vo= {1, > V> > Yona |

R, represents the suspension locations of the [eTMDs, of which different
columns are related to different leTMDs:

iq
0 |0 | 0
|+ :
R. = (18)
[ 1 | - la,
[ i :
0 o | 0

where, iy is the number label of the IeTMD and l4; denotes the ly; - th
IeTMD’s suspension point label.

3. Lightweight-control-oriented design strategy

In the optimum design of the IeTMD, we should consider the weight
of the suspension mass and the performance of the long-span dome
simultaneously. Lightweight-control-oriented design is a design meth-
odology where stated performance objectives are predetermined as
constraints. At the same time, the weight of the additional weight is set
as the design criterion to be minimized. This section introduces the
performance indicators based on the direct stochastic analysis method,
considering the uncertainty of the seismic excitation, and details the
optimum design strategy.

3.1. Performance indicators

Given that the ground motion is replaced with Gaussian white noise
w(t), of which the mean is zero, the motion equations of the dome
controlled by the IeTMDs can be rewritten as:

Xy = Agx(t) + Eow(r)

(1) = Coxo(1) + Dow(2) 19)

Structures 58 (2023) 105408

where, x, € R 411 s the response vector:
. . . . T
Xs = { Xp Yp Yin Mt Xp yP Yin Ve } (20)

Ay € RUn T Anx(ntdn) gng B U+ 401 gre the space-state ma-
trixes:

_ 0 1 _ 0(2n+2nd)
As - |:_M—]K _M—IC:|aEs - |:M—IM0{7_} (21)

s is the space-state vector containing dynamic responses in which we
are interested. Cs is the observation matrix to define the performance
indicators. Ds is the feedforward matrix. Here, only relative displace-
ment responses and absolute acceleration responses are considered.
Thus, the system model does not have a direct feedthrough. Ds is the
zero matrix with dimensions of 2n times one.

By setting C; as follows, the nodal displacement responses relative to

the ground (x;, ) can be observed:
Cs = Cs,dis = [IZHXZH 02“d><2"d] (22)

By setting C; as follows, absolute acceleration responses can be
observed:

C,=Cye=[-M'K -M'C] (23)

By resolving the following Lyapunov equation, it is possible to
determine the root-mean-square (RMS) seismic space-state responses of
the dome under the control of the IeTMD [56]:

AS+SA! +EE! =0 (24

Thus, a comprehensive performance indicator can be defined as:

2n 2n
61’) = ij('hs \/ Cs,diss(jvj)czjdis + ZPJM Cs.accs(].vj)CsT.acc (25)
j=1 j=1

Importance coefficients p]‘.ﬁs and p* denote the significance of each
node’s displacement and acceleration, respectively. They satisfy the
following relationships:

2n

2n
DoAY pe=1 (26)
=1 =1

Set pjﬁs = 0, the indicator in (25) represent the acceleration perfor-
mance. Similarly, set pj =0, the indicator in (25) represent the
displacement performance.

3.2. Optimum design strategy

Based on the performance indicators in Eq. (25), a dimensionless
mitigation ratio can be defined for formulating the optimal problem:

Yp=_— 27)

where, o}, is the uncontrolled dome’s performance indicator.

The following five dimensionless parameters are used to simplify the
IeTMD optimization expression and subsequent parametric investiga-
tion.

Cin kin Min

in = sHin = —— 28
K Mow% K my ( )

m

k :
L - :
=g Mow?’ ™"

o 2M0£00’

where, M, is the total mass of the uncontrolled half-dome. wq is the
natural frequency of the dome. y, is the suspension mass ratio. «; and i,
are the stiffness ratios of the spring used to tune the suspension mass and
the TVMD-like substructure, respectively. y;, is the inertia-mass ratio.

Then, the design of the [eTMD can be expressed as a numerical
optimization problem:
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minimize e
veV (29)
s.t. p (V) <Vp gemand

where, v = {,, p¢, ke, Kin, Ein } 1S @ vector of design variables and V is the
feasibility domain.

:Min,min </’tin </’lin.max
P min SHSH max
V=19 KiminSKSKimax (30)

Kin,n1in<Kin<Kin.max
gin.mingginsfin.max

In function (30), /iy min» Mt .mins Kemins Kinmin, @0d &y min denote the lower
bounds of design variables, while y;; a5 Himax> Ktmaxs Kinmax> a0d Eip may
denote the upper bounds.

Hence, the flowchart is depicted in Fig. 3. The lightweight-control-
oriented design procedure can be concluded as follows:

Step 1: Perform modal analysis of the uncontrolled primary dome to
obtain its natural frequencies and modal shapes. Solve the specific
Lyapunov equation of the uncontrolled primary dome to get the per-
formance indicator defined in Section 3.1, quantifying the performance
of a dome subjected to ground motion excitations.

Step 2: Based on the analysis results in Step 1, choose the suspension
points to install the [eTMD and determine the target mitigation ratio
YP.demand according to the performance demand.

Step 3: Substitute the stated target mitigation ratio yp gemang into Eq.
(29) to establish a numerical optimization problem for designing leTMD.

Step 4: Solve the optimization problem (Eq. (29)) to determine the
vector of design variables v = {y;;, fi;, k¢, Kin, Eip }-

Step 5: Verify the performance of the controlled dome and the
lightweight effect of IeTMD.

4. Lightweight performance of IeTMD for long-span dome

In this section, parametric analysis is carried out to illustrate the
degree to which [eTMD can improve the performance of the long-span
dome when its key parameters (i.e., y;,, k¢, kin, and &) change within
certain ranges. Meanwhile, the lightweight performance of the [eTMD is
also investigated by comparing it to an associated TMD with the same
suspension mass (ki, = oo, my, = 0). The target benchmark is set as the
dome to be investigated, for which the total mass of the half dome is
39000 kg. The natural frequency is 6.754 rad/s.

4.1. Performance improvement from the IeTMD

First, as a particular case of the IeTMD in a limit state (kj, = oo,
mi, = 0), equivalent to a TMD (called an associated TMD), the effect of
key parameters (y,, ki, and & = &;,) on the control performance is tested,
where y, equals 0.01, 0.02, 0.10, and 0.20; &, continuously changes from
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107 to 10™% k, continuously changes from 1072 to 10°. Fig. 4 depicts
the results in the form of contour plots, where &, and «; are represented
on logarithmic scales. As expected, with the help of a well-designed
associated TMD, the performance of the long-span dome is improved
(rp <1). A significant decrease in y, accompanies an increase in i,
while the increment rate decreases. Valley topologies always exist in the
contour plots for different suspension mass ratios (u,), of which the
lowest points are marked with red dots. This ensures the optimization
solution’s validity within the parameters’ scope. In addition, the con-
tours show that the reduction in the mitigation ratio is insignificant
when the parameter is varied in the direction of the damping ratio (the
red arrow’s direction). In contrast, the opposite conclusion is reached
when it is varied in the direction of the stiffness ratio x;. It means the
effectiveness of the TMD is robust to damping deviations while being
highly dependent on the tuning quality and sensitive to the variation of
tuning parameters.

Furthermore, Figs. 5 and 6 illustrate the influence of critical pa-
rameters (i.e., y;,, kin, and &;;,) that differ from those in associated TMD
on mitigating seismic responses. The suspension mass ratio y, and tuning
stiffness ratio k; are predetermined according to the parametric analysis
for the associated TMD. For the sake of simplicity, only a small number
of discrete inertia-mass ratios y;, (0.04, 0.05, 0.06, and 0.10 for y, =
0.01, and 0.04, 0.05, 0.06, and 0.10 for y, = 0.10) are shown in Figs. 5
and 6 to illustrate the changing trend in mitigation ratio y, with y;,. The
damping ratio &, continuously changes from 107> to 1072, and the
stiffness ratio ki, continuously changes from 1072 to 10°. As shown in
Fig. 5 and Fig. 6, red planes denote the best control performances of
associated TMDs. The white boxes enclose parameter ranges within
which the IeTMD maintains a more excellent vibration control perfor-
mance than the associated TMD.

The mitigation ratio of the IeTMD tends to decrease and then in-
crease as the inertia-mass ratio increases. It implies that, for a given y,
an optimal y;, exists in a valley bottom such that the IeTMD obtains the
most excellent damping effect. As depicted in Fig. 5(b) and Fig. 6(c), the
optimal y;, for g, = 0.01 and p, = 0.10 are 0.02 and 0.06, respectively.

Notably, each contour plot in Figs. 5 and 6 demonstrates that the
enclosed regions can be approximately divided into two categories
(Regions A and B). The white arrow designates Region A, where the
control performance of IeTMD fluctuates less with the stiffness ratio «j,.
Meanwhile, the range of the damping ratio &;, in Region A is close to the
optimal damping ratio &, of the associated TMD. It means that in Region
A, the resonance of the TVMD-like substructure is suppressed under the
influence of the large stiffness ratio «i,, and the IeTMD almost meta-
morphoses into an associated TMD. On the other hand, a yellow arrow
indicates Region B, where IeTMD can achieve its best damping perfor-
mance with less damping and stiffness needed. In this region, the per-
formance of the IeTMD is robust to changes in the damping ratio ¢;, and
sensitive to the tuning stiffness ratio x;,. It is consistent with the need for

Pre-analysis of the primary dome

(modal analysis, calculate performance indicators)

v v

Determinate the suspension
points to install leTMDs

Determinate the target
performance 7p gemand

Yes

Verification

v

minimize H,

vel

s.t. Ve (V) < 7P demand

Establish the numerical optimization problem:

Solve equation to obtain the vector
of design variables

Fig. 3. Design flowchart for the lightweight-control-oriented design of IeTMD.
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Fig. 4. Contour plots of control performance for TMDs (ki, = 00, fin = 0).

resonance in the TVMD-like substructure, indicating that a well-
designed IeTMD with its stiffness and damping parameters located in
Region B can obtain the effective mitigation and damping enhancement
effect shown in Fig. 7. In Fig. 7, the index is the damping enhancement
factor y4.

o.gis

amper

Ta = is (31)
¢ G?eTMD

where, adffmper is the RMS relative displacement of the damping element;

odis\ o is the RMS displacement of the IeTMD.

4.2. Quantified lightweight control effect

To further quantify the lightweight control effect of the IeTMD, the
following mass reduction ratio a, is defined herein:

_ Hetvp — HietmMp % 100%

a, (32)

Hitvp

where, p; ryp and g, eryp are the suspension mass ratios of the TMD and
IeTMD designed for the same target performance, respectively.

Table 1 lists the suspension mass ratios i .yyp and corresponding
mass reduction ratios @, for IeTMD designed based on the lightweight-
control-oriented design procedure for six target performances
(7p demana=0-55-0.80). It can be observed that [eTMD with a lighter
suspension mass can achieve the same control effect as TMD. The mass
reduction ratios (a,) reach around 20 %. Since the suspension mass is
strictly limited to be suspended from a long-span dome (typically, y, is

selected less than 0.10 in practice [24]), around 20 % mass reduction is
vital for the seismic response control of the dome. In other words,
considering the suspension mass limitation for the long-span dome in
practice, with the help of a lightweight effect, [eTMD can obtain a better
vibration mitigation effect than TMD, as shown in Fig. 8.

Observing the optimized distributions of y,, i, kin, &y, and g, reveals
a clear trend: as the target performance index yp gemanq inCreases, pa-
rameters i, Kt, Kin» &, and g, consistently decrease. To achieve initial
practical parameters for the IeTMD, empirical design formulae for y, «i,
Kin, &, and p;,, with respect to the target performance index yp gemands
are fitted. After assessing different equation forms through the fitting
procedure described in [57], we selected Egs. (33) to (37) to strike a
balance between accuracy and ease of use.

M, = exp [Al + A2¥p demand +A3y;(]icmand:| (33)
Ky = exp [B 1+ B2V demana + B3yl;lliemand:| (34)
Kin = €Xp [Cl + CaYp gemana + C3y;cllemand} (35
&in = exp [Dl + D27p gemana T Da}’;(ljemand] (36)
Hin = €XP [El + E2¥p demand T E37;(]iemandj| 37)

The values of the coefficients Aj, B, Cj, and D; (j = 1, 2, 3) are listed in
Table 2. As shown in Fig. 9, The values of y, «, kin, &, and p;,, calculated
using Egs. (33) to (37) agree well with the optimal parameters obtained
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Fig. 5. Contour plots of control performance of the long-span domes with IeTMDs and TMDs for suspension mass ratio (4 = 0.010, x, = 0.014).

through the lightweight-control-oriented design procedure proposed in
this study, correspondingly stressing the significance of the fitted design
formulae.

4.3. Case design and illustration

The dimensions of the benchmark dome structure [24] are listed in
Table 3. The Young’s modulus of the material is 2.05x10°N/mm? The
cross-sectional areas of the arch beams and column legs are 5.38x10*
mm? and 5.89x10* mm? respectively. The section’s second moments of
the arch beam and column leg are 1.18x10'° mm* and 1.35x 10" mm*,
respectively. The number of the dome’s discrete nodes is 13 (n = 13).
Each node on the arch beam has a concentrated mass of 6000 kg, rep-
resenting 976 kg of mass per unit length of the arch beam. The inherent
damping is assumed to be Rayleigh type, with the first and second
damping ratios equaling 2 % [55].

Following the lightweight-control-oriented design flowchart,
[eTMDs are designed to control the benchmark dome’s seismic
responses.

Step 1: Perform modal analysis of the uncontrolled primary dome.

Fig. 10 depicts the modal analysis results of the benchmark dome.
The frequencies of the first-order, second-order, third-order, and fourth-
order modes are 6.754 rad/s, 7.938 rad/s, 17.277 rad/s, and 28.309
rad/s, respectively. The frequency response functions of the vertical
displacements of the benchmark dome are illustrated in Fig. 11, where
blue vertical lines mark the frequencies of the dome. It shows that the
second-order mode is the dominant vertical vibration mode. The larger
vertical displacements occur at Nodes 4 and 10.

Step 2: Choose the suspension points to install the IeTMD and determine
the target mitigation ratio yp gemand-

Based on the analysis results in Step 1, Nodes 4 and 10 are selected as
suspension points. In sets pj‘.ﬁs =15 (=2,4,--26) and p¥c =0, the
performance indicator represents the sum of each node’s vertical RMS
displacement. According to Eq. (25), the uncontrolled performance in-
dicator opo can be obtained, equaling 0.0611. To reduce the seismic
responses, for example, the IeTMD is designed with a target mitigation
ratio of 7p gemang = 0-616.

Step 3: Establish a numerical optimization problem.

Substitutingyp gemana = 0-616 into Eq. (29), the numerical optimiza-
tion problem of the [eTMD can be established as:
minimize H 38)

s.t. 7p(1)<0.616

Step 4: Solve the optimization problem (Eq. (29)) or directly use the
empirical design formulae (33) to (37).

The vector of design variables v = {y;;, yi;, k¢, kin, £} can be ob-
tained:

v’ ={521x107,1.00x 107,125 x 10™,7.1 x 107*,8.4295 x 107*}
(39)

where, the upper script "o’ denotes the optimal result. Applying the
numerical method in MATLAB [58] to solve the optimization problem
(Eq. (29)) yields the optimal design parameters, shown as blue circles in
Fig. 9. These outcomes are consistent with empirical and simplified
design formulas.
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Fig. 6. Contour plots of control performance of the long-span domes with IeTMDs and TMDs for suspension mass ratio (4 = 0.100, x = 0.130).
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Fig. 7. Contour plots of the damping enhancement effect of the IeTMDs.

Thus, the apparent mass m,, the suspension mass m, tuning spring k;
and kip, and damping coefficient cj, of each IeTMD are 101.60 kg,
1950.00 kg, 111457.11 N/m, 6315.61 N/m, and 222.04 N-s/m,
respectively.

4.3.1. Seismic response mitigation effect
In this section, the seismic response mitigation effect of the designed
[eTMD with the parameters in Eq. (39) is verified with a series of time

history analyses. Three recorded earthquake accelerograms, including
the Taft accelerogram (1952), the Hector Mine accelerogram (1999),
and the Loma Prieta accelerogram (1989), are used. The peak ground
accelerations of these three recorded earthquake accelerograms are
scaled to 0.1 g. The time history analysis results, in terms of the hori-
zontal and vertical displacements, horizontal and vertical accelerations,
and base shear, are depicted in Figs. 12 and 13 as examples subjected to
the Loma Prieta accelerogram. The displacements of the IeTMD and its
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Table 1
Suspension masses of the IeTMD and TMD for different performance
requirements.

Target performance yp, demand TMD (uy) 1eTMD (u) a, (%)
0.55 0.337 0.275 18.98
0.60 0.157 0.116 26.22
0.65 0.087 0.065 24.86
0.70 0.049 0.035 26.80
0.75 0.028 0.022 21.82
0.80 0.016 0.012 22.58

Improve
0.40 LA
[ —w
0.30 e
y ]
! | |
- - |
X 0.20 ] I |
- | |
Lighten I |
0'10 .....................
|
0.00 ‘
0.55 0.6 0.65 0.7 0.75 0.8
Tp
Fig. 8. Relationship between the suspension mass ratios and the perfor-

mance index.

Table 2

Values of coefficients in the empirical design formulae for i, k¢, Kin, &in, and pin,
Coefficient j=1 j=2 j=3
Aj —6.257 —3.595 3.797
B; —3.804 —4.855 2.893
G; —13.099 —6.056 7.284
D; —10.164 -12.711 6.706
E; —4.403 —4.534 2.596

damping element are illustrated in Fig. 14. Meanwhile, Fig. 15 plots the
hysteretic curve of the damping element in the [eTMD.

Within each time history analysis subgraphs, we have marked the
peak values of displacement and acceleration responses. Specifically,
D, and D_ , denote the peak values of uncontrolled and controlled

un con
displacement responses, respectively, while A, and A correspond to

con
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the respective peak acceleration values. The left subscript ’j signifies the
node’s index, and the right superscript *x” or "y’ indicates the direction.
Meanwhile, the mitigation ratios defined in the time domain are marked
in Fig. 12 to represent the response mitigation effect:

O-II\‘eTMD‘acc Y _

s Jlpacc T
O‘(X)‘acc

_ U{ETMD.dis v O‘;eTMD‘acc

ﬂ/;.dis - oty s jlp.dis
NUN

1eTMD.,dis
- 5 J }/}:.acc

y y
00,dis 00,acc

(40)
00, dis? {%,dis’ 09,acc» and (%
uncontrolled dome in terms of the bi-direction displacements and bi-
Todis O and oy
denote the RMS responses of the IeTMD-controlled dome.

The mitigation ratios indicate that IeTMD provides efficient control
of the displacement and acceleration responses of each node of the
dome. Meanwhile, the average mitigation ratios for three selected
recorded earthquake accelerograms in Table 4 show that the target
mitigation ratio has been ensured (0.6112 < ¥p gemang)- In addition, the

where, denote the RMS responses of the

,acc .acc

direction accelerations, respectively. g 4,

.acc? ,acc

Table 3
The dimensions of the benchmark dome.
Column height Rise Span Radius half subtended angle
H (m) h (m) L (m) R (m) 0 (deg)
15.0 5.20 79.0 152.6 15.0°

4th

Fig. 10. Modal analysis results of the benchmark dome.

e data(u t) ¢ data(k t) % data (uin) m data (min) A data (§in)
curve (u t) curve (K t) curve (uin) curve (K,in) curve (fin)
030 | 10°
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WG WG I\.1E
" " a2l
= 0207 = 10
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< 010} 2 0t
3 3
0.00 t ‘.>l€ 6 . . .
0.50 0.60 0.70 0.80 0.50 0.60 0.70 0.80
7p Vp

Fig. 9. Curves of the empirical design formulae for p;, k;, kin, &in, and pin,
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Fig. 11. Frequency response functions (FRFs) of the benchmark dome (y-dir).

time history results in Figs. 12 and 13 show that IeTMD has a relatively
poor control effect during the early excitation stage. It means that
IeTMD requires a certain amount of start time to mitigate the seismic
responses efficiently, consistent with typical tuned-type vibration con-
trol devices. [59,60]. In Fig. 14, the overall deformation response is
obtained by combining the results of time history analysis from various
points and superimposing the dynamic displacements onto the initial
structural shapes of both controlled and uncontrolled domes. To
enhance clarity, the deformations have been magnified by a factor of
1000. Notably, a strong correlation between horizontal and vertical
deformations in the dome is evident [5]. When 1eTMDs are vertically
suspended, both horizontal and vertical deformations in the long-span
dome experience significant reduction.

Fig. 15 shows that the relative displacement of the damping element
is much larger than that of the IeTMD under the Loma Prieta earthquake.
To quantify this displacement amplification effect, a damping
enhancement factor y4 is also marked in Fig. 15.

The damping enhancement factors for the Taft accelerogram, the
Hector Mine accelerogram, and the Loma Prieta accelerogram are 3.03,
2.97, and 3.01, respectively, which are all much larger than units. It
means that the vibration energy dissipated by the damping element is
larger compared with a single damping element.

Meanwhile, the hysteretic curves of damping elements in the IeTMD
and associated TMD are depicted simultaneously in Fig. 16. The asso-
ciated TMD has the same suspension mass as IeTMD, and its tuning
stiffness and damping coefficient are optimized (k;=113591.96 N/m,
c=2528.69 N-s/m). It can be observed that although the displacements
of the IeTMD and TMD are similar, the damping element in the [eTMD is
still effective in dissipating energy with the help of resonance within the
TVMD-like substructure.

4.3.2. Performance improvement

Hence, in this section, the performance improvement of the leTMD
compared to the associated TMD is verified through frequency domain
analysis and time history analysis. The suspension mass of the associated
TMD is the same as the IeTMD. The optimal damping coefficient c¢; and
tuning stiffness k; of each TMD are 2528.69 N-s/m and 113591.97 N/m,
respectively. The mitigation ratio 7, of the associated TMD calculated
based on the stochastic vibration analysis is 0.638. It indicates that the
IeTMD, of which the mitigation ratio y, is 0.616, can control the dome
more efficiently than the associated TMD.

The normalized FRFs of the controlled and uncontrolled domes in
Fig. 17 indicate that employing the IeTMD results in a seismic response
approximately 17 % lower in terms of Hoo compared to using the

10

corresponding TMD. It is evident that the IeTMD, featuring an additional
TVMD-like substructure, exhibits a distinct response characteristic
compared to the associated TMD. Specifically, the designed IeTMD,
operating as a two-degree-of-freedom system, possesses two closely
spaced natural frequencies at 6.860 rad/s and 8.689 rad/s. These two
frequencies are positioned on either side of the target control modal
frequency of 7.938 rad/s. This implies that, in contrast to the associated
TMD with a single natural frequency of 7.632 rad/s, the IeTMD, similar to
the spatially dispersed multiple TMDs mentioned in [25], can effectively
resonate with the long-span dome in the vicinity of frequencies 6.860
rad/s and 8.689 rad/s, resulting in a broader control bandwidth. Quan-
titatively, the control bandwidth of IeTMD is 1.58 times that of TMD.

Furthermore, Fig. 18 illustrates normalized FRFs for the suspension
mass and damper of the IeTMD and TMD, indicating that the damper
element’s displacement responses of the [eTMD are significantly higher
than those of the TMD through resonance. It guarantees that IeTMD can
achieve better control performance even with only 8.78 % of the
damping coefficient required for TMD. Fig. 19 compares the time history
responses of the dome controlled by IeTMDs and TMDs subjected to the
Loma Prieta accelerogram, where a, denotes the performance
improvement of the IeTMD compared with the TMD.

TMD

1TMD

— }/p
IeTMD
"

a, x 100% C3Y)

where, y[¥™P and yTMP are the mitigation ratios of the IeTMD and the
TMD.

The average a, for the selected three earthquakes is listed in Table 5.
Fig. 20 shows that the dominant response frequencies of the controlled
structure are mostly spread between the two peaks of the FRF of the
long-span dome controlled by the [eTMD (6.8-8.2 rad/s, marked as
green dotted lines) shown in Fig. 17. In addition, the wavelet transforms
reveal that the response frequency coincides with the transition region
between the valley of the TMD and the intermediate peak of the IeTMD
(7.5-8.0 rad/s, marked as red dotted lines) for the Taft accelerogram
case. As depicted in Fig. 17, the control efficacy of the IeTMD is slightly
inferior to that of the TMD in this region. As a result, when compared to
the Hector Mine accelerogram and Loma Prieta accelerogram, the
IeTMD’s performance improvement efficacy is slightly lower than the
TMD’s (measured by a,). Taking the stochastic nature of earthquakes
into consideration, the performance improvement of the IeTMD varies
with the earthquake, while the average a, of 9.00 % indicates that with
the same suspension mass constraint, the IeTMD proposed herein can
achieve better control performance than the TMD.
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Fig. 12. Displacement and acceleration responses of the controlled and uncontrolled domes.
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Fig. 13. Base shear responses of the controlled and uncontrolled domes.
Fig. 15. Relative displacement of the damping element and the IeTMD.

x-dir —&— Uncontrolled .,
Mitigation ratios of the dome controlled by designed leTMDs.
—@— [eTMD
Ground motion ¥}, gis Pp.dis Ypace P pace ¥p,shear d
Taft 0.6459  0.6509  0.6819  0.7726  0.6919  3.0309
Hector Mine 0.6501  0.6114  0.7287  0.8096  0.7599  2.9732
Loma Prieta 0.6090 05713  0.6862  0.7316  0.6993  3.0155
Average 0.6350  0.6112  0.6989  0.7713  0.7170  3.0065
7. - = = = Damping element in [eTMD
— Damping element in TMD
1+t
g
Fig. 14. Overall deformation responses of the controlled and uncon- St ot
trolled domes. 8
=
o
4.3.3. Bi-directional seismic effect LT-‘
As an extension of the preceding discussion, this section delves -1+t
further into the influence of bi-directional seismic motion on the per-
formance of IeTMDs. Utilizing the Loma Prieta accelerogram as an Increase Increase =
illustrative example, Fig. 21 illustrates the time history responses of o
displacement and acceleration at a representative node (Node 4) for -2 : ' '
both controlled and uncontrolled domes subjected to bi-directional -0.1 0 0.1

seismic input. It is evident that the vertical response of the long-span
dome significantly increases due to the vertical seismic motion. When
compared to the scenario with only horizontal seismic input, the
maximum vertical displacement at Node 4 in the uncontrolled structure
increases from 0.01163 m to 0.0188 m, and the acceleration increases
from 1.6138 m/s? to 1.9628 m/s2 Table 6 lists the mitigation ratios of
the dome controlled by designed IeTMDs considering horizontal and bi-
directional seismic excitations. Notably, although the damping

12

Deformation (m)
Fig. 16. Hysteretic curves of damping elements in the IeTMD and TMD.

performance of designed [eTMDs experiences a slight reduction under
bi-directional seismic motion, particularly in terms of vertical
displacement reduction, their damping effectiveness remains
acceptable.
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. st ond 3rd (2) The suggested lightweight-control-oriented design methodology
A : and empirical formulas for the IeTMD prove to be highly efficient
s of ISTMD and practical for attaining the desired control performance with
4+ Damper in [eTMD . .
E Mass of TMD minimal suspension mass.
= | (3) The 1eTMD, designed by the provided formulae within the
3 31 fierease lightweight-control design framework, exhibits a wider control
:c% frequency band than traditional TMDs due to the double-tuned
g 27 coupling effect of its inerter-based subsystem. Therefore, a well-
g designed IeTMD is suitable for controlling long-span dome
1r structures’ closely spaced participation modes.
(4) Although our discussion has focused on a particular [eTMD
0 ; : variant with a configuration similar to RIDTMD, it is essential to
5 10 15 20 recognize that the core concept of IeTMDs, namely, the utiliza-
w (rad/s) tion of an inerter-based subsystem, to enhance damping as well as

Fig. 18. Normalized FRFs for the suspension mass, damper of IeTMD and TMD.

5. Conclusions

In this study, we proposed the simplified design formulae of [eTMDs
for the long-span domes by following the lightweight-based seismic vi-
bration control criterion. The main findings are outlined as follows:

@

The IeTMD is systematically verified to be highly effective in
mitigating various seismic responses of long-span domes,
including bi-directional displacements, accelerations, and base
shear responses. Furthermore, the IleTMD provides similar control
effectiveness as the TMD while reducing suspension mass by
approximately 20 %. It demonstrates the IeTMD’s potential as a
promising solution for enhancing the seismic performance of
long-span domes, particularly in situations where weight limita-
tions are a concern.
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a . . | |
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Time (s)

(a) node 4 (x-dir)

inertial effects and introduce additional degrees of freedom, re-
mains consistent across different variations. Therefore, the
lightweight-control-oriented design approach presented in this
paper has the potential for application in other [eTMD variants
for long-span domes.

(5) In this study, we focused on a linear IeTMD system. Nonetheless,
practical devices may exhibit nonlinear effects stemming from
friction and backlash, which necessitate further investigation.
Moreover, during severe earthquakes, the assumption of linear
behavior in long-span domes is no longer valid. Consequently, the

Table 5
Control performance of IeTMD and TMD.
Ground motion 1eTMD TMD a,(%)
’p 7p
Taft 0.651 0.690 6.00
Hector Mine 0.611 0.675 10.47
Loma Prieta 0.571 0.634 11.03
Average 0.611 0.666 9.00
4DyleTMD =0.0105 4DYTMD =0.0110 |
-
g 001 P IeTMD
2 i B, e TMD
2 i ﬁiﬁi PHITEELY
5 o fisi e e i
T FHETEEEN
E e
i to Xy _
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(b) node 4 (y-dir)

Fig. 19. Comparison of the responses of the domes controlled by IeTMD and TMD.
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Fig. 20. The wavelet transform of displacement responses of the long-span dome controlled by IeTMD (Node 4).
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Fig. 21. Displacement and acceleration responses considering bi-directional seismic effect.
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