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A B S T R A C T   

The inerter-based device is of increasing interest to scholars in the field of structural vibration control, which is 
characterized by apparent mass and negative stiffness effects. With this regard, it is potential to develop variable 
negative stiffness characteristics with the technology of inerter, which is promising to provide improved per
formance for structural vibration isolation and vibration suppression. In this study, the theoretical analysis and 
experimental investigation of a novel inerter element, named crank inerter, is performed. The presented crank 
inerter is proposed to generate a variable negative stiffness effect, which is realized on the basis of a crank 
mechanism. A constitutive model of crank inerter is developed to predict its mechanical behavior. For an in- 
depth understanding of the inertial property of the crank inerter, a parametric analysis is conducted on the 
inertia force calculation of the crank inerter. A prototype crank inerter is fabricated and tested under sinusoidal 
excitations to verify the proposed constitutive model. A variable negative stiffness of the crank inerter is reflected 
from the proposed constitutive model. The theoretical results calculated with the proposed constitutive model 
match well with the experimental data, which verifies that the proposed model can predict the mechanical 
behavior of the crank inerter. The dynamic analysis of a vibration isolator with a crank inerter is conducted to 
illustrate its effectiveness using the proposed constitutive model. The analysis results preliminarily show that the 
isolator with crank inerter can improve the structural performances regarding the peak force transmissibility and 
frequency band. Based on the presented investigations, a crank inerter with a simple configuration is summarized 
to be effective for providing an apparent mass effect and variable negative stiffness.   

1. Introduction 

During the past few years, the development of high-performance 
vibration control devices has increasingly attracted the interest of en
gineers and scholars to satisfy the performance demand of structures 
[1–5]. Recently, the inerter was introduced as a two-terminal inertia 
element to suppress unwanted structural vibrations, which are charac
terized by the apparent mass effect using a light gravitational mass 
[6–8]. The apparent mass effect of an inerter can be referred to as 
inertance, which is expressed as the ratio of the output force of the 
inerter to the relative acceleration of its two terminals. Apart from this, 
the negative stiffness effect is the other characteristic of inerter elements 
under dynamic excitations, which can be employed for improving 

structural vibration isolation and suppression [9,10]. Additionally, by 
employing the spring and damping elements together with inerter, the 
interaction between these elements can generate an enhanced damping 
effect compared to that of a single identical damping element [11,12]. 
This can provide better energy dissipation and be beneficial to structural 
vibration suppression. With the benefits mentioned above, inerter-based 
devices have been utilized as high-performance vibration control sys
tems with different characteristics, e.g., tuned-type inerter systems with 
lightweight mass effects [13–18], performance-improved inerter-based 
vibration isolation systems [19–23], inerter-based high damping devices 
[6,24,25] and inerter-based devices with energy harvesting [26]. 
Scholars have proven these devices to be promising and efficient for 
structural vibration mitigation. The inerter-based devices are also 
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adopted in industrial and civil structures of China and Japan in practice 
[6,27]. 

The utilization of a two-terminal inertial element for structural vi
bration control dates back to the 1970 s in the field of civil engineering 
when Kawamata [28,29] proposed the mass pump as a passive control 
device by employing the gravity of fluid and a hydraulic mechanism 
between its two terminals. In the 2000 s, Saito et al. [30,31] and Ikago 
et al. [6,32] presented the ball screw mechanism to transform linear 
motion into a rapid rotation of a flywheel to fabricate an inerter device. 
They demonstrated the apparent mass effect and the efficient structural 
response mitigation effect of this inerter device through experimental 
tests. This device is also the inerter system adopted in practical building 
structures thus far. By utilizing the rack-and-pinion mechanism, the 
implementation of an inerter was proposed [7]. Using the flow of the 
liquid to drive the rotation of the hydraulic motor, Wang et al. [33] 
proposed a hydraulic inerter to generate the apparent mass effect. In 
addition, John and Wagg [34] presented a pivoted flywheel inerter using 
the living hinge mechanism and described the frictionless characteristic 
of this device. In summary, the implementation of an inerter generally 
involves the transformation of motion between two terminals of fluid- 
based devices or mechanical devices. For the studies illustrated above, 
all the inerters are characterized with constant inertance, and constant 
negative stiffnesses are provided by these inerters in a certain harmonic 
excitation. By utilizing the tuning or frequency adjustment function of 
these inerters in structures with a specified or predesigned parameter, 
the structural vibration can be suppressed in a limited frequency band. 

For some structures, their loading conditions may be indefinite in the 
design phase or variable during the utilization stage, and their natural 
frequencies may vary due to damage or performance deterioration. 
Consequently, the devices with the aim of vibration control of such 
structures under external dynamic excitations are expected to behave 
improved performance, such as broadband characteristics, which can be 
addressed by additional devices with variable negative stiffness [35,36]. 
Considering that inerter devices are capable of generating negative 
stiffness effects, it can be attractive to develop variable negative stiffness 
characteristics by means of inerter. Combining the continuously variable 
transmission and rack-and-pinion mechanism, Lazarek et al. [37] pro
posed an adjustable inerter device, which can generate a variable 
negative stiffness effect. Faraj et al. [38] proposed a ball-screw inerter 
with a variable thread lead for the absorption of impact loadings. The 
variable negative stiffness is also generated by this inerter device. 
However, complex configurations are required for these two devices due 
to the employments of continuously variable transmission and ball- 
screw mechanisms. By putting inerter elements in geometrical 
nonlinear configurations, the geometrically nonlinear inerters that can 
generate variable negative stiffness effects are proposed by Moraes et al. 
[39] and Wang et al. [40]. However, these geometrically nonlinear 
inerters have only been studied from conceptual and theoretical per
spectives, and there are no practical prototype devices for such 
geometrically nonlinear inerters. Hence, the development of a practical 
inerter device that generates variable negative stiffness with a simple 
realization can be helpful. 

In this study, a novel crank inerter using the simple crank mechanism 
is proposed as an alternative inerter element to provide a variable 
negative stiffness, which is promising to improve the structural perfor
mance in vibration isolation and vibration suppression. The constitutive 
model is correspondingly derived to describe the mechanical behavior of 
the crank inerter. By the constitutive model, variable negative stiffness 
provided by the crank inerter is reflected. For an in-depth understanding 
of the inertial property, a parametric analysis is conducted further on the 
inertia force of the crank inerter. Then, a prototype crank inerter is 
designed and fabricated for experimental research. A series of dynamic 
tests on the crank inerter are conducted to verify the constitutive model, 
and the variable negative stiffness is correctly reflected by the proposed 
model. Dynamic analyses and comparative studies are also conducted 
for the vibration isolator with crank inerter to check its effectiveness. 

2. Design and configuration of the crank inerter 

Fig. 1 shows the implementation mechanism of the crank inerter 
element, where the simple crank mechanism is adopted to drive the 
flywheel to achieve the amplification of inertia. The crank inerter is 
mainly composed of three parts: a slider, a connecting rod and a 
flywheel. When the slider is moving in the linear direction under an 
external excitation, the sway of the connecting rod can drive the rotation 
of the flywheel, which can be seen as the key point for achieving the 
apparent mass effect characterized by the inerter. The relative 
displacement x between the two terminals of the crank inerter can be 
expressed as follows. 

x1 − x2 = x (1)  

where x1 and x2 are the right and left absolute displacements of the two 
terminals of the crank inerter. In Fig. 1, the distance between points O 
and B in the crank inerter is denoted asxB. l and r represent the length of 
rod AB and crank OA, respectively, and R is the radius of the flywheel. 
The angle between OA and OB is denoted asφ, while β denotes the angle 
between OB and AB. 

Based on the implementation mechanism presented above, in this 
study, the configuration of a crank inerter device is proposed consid
ering its application in practice, as shown in Fig. 2. Flywheels are 
symmetrically arranged in the crank inerter taking into account their 
stability. Unlike the implementation mechanism plotted in Fig. 1, the 
linear motion of the slider is replaced by the linear motion of a rod in the 
crank inerter, which is constrained by the linear motion guide attached 
on the support frame. Additionally, the crank inerter in Fig. 2 is designed 
to facilitate its replaceability in applications for the utilization of the 
flange connection and fabricated support frame. The proposed crank 
inerter is expected to provide an effective and simple inerter element 
with apparent mass and variable negative stiffness characteristics. From 
the perspective of the physical implementation of crank inerter illus
trated above, its variable negative stiffness is generated by the nonlinear 
relationship between the linear motion of the slider and the rotation of 
the flywheel. The variable negative stiffness of the crank inerter will be 
proven and illustrated in detail in Section 3. 

3. Constitutive model formulation 

3.1. Derivations 

As illustrated above, the crank inerter proposed in this study involves 
translational motion of the linear motion rod, sway of the connecting 
rod and rotation of the crank with its attached flywheels. To derive the 
corresponding constitutive model, the geometrical relations, kinematic 
relations and force transformations in a crank inerter are analyzed 
below. These analyses are conducted primarily to obtain the mathe
matical relationship between the linear and rotational motions and the 
mechanical relationship between the internal force and its correspond
ing motion in a crank inerter, which is considered the crucial part for the 
derivation of a constitutive model of a typical inerter. Note that the 

Fig. 1. Schematic representation of crank inerter.  
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derivations below are based on the assumption of a rigid crank inerter. 
To keep the rationality of this assumption, the stiffnesses of components 
in the crank inerter should be designed large enough to avoid non
negligible deformations. The generation of friction heating in the crank 
inerter also needs to be kept in a lower grade. 

Geometrical relations. The significant geometrical relations in a crank 
inerter are first described herein. As shown in Fig. 1, the distance xB can 
be calculated as. 

xB = rcosφ+ lcosβ (2) 

There is a constrained condition in the crank mechanism expressed 
as. 

rsinφ = lsinβ (3) 

According to the cosine theorem, cosφ can be calculated in △AOB as 
follows: 

cosφ =
x2

B + r2 − l2

2xB⋅r
(4) 

Note that for a crank inerter, the value of xB ranges from l − r tol + r. 
During the working stage of a crank inerter, the motion of the linear 
motion rod is recommended to be less than its boundary value. Hence, 
the value of angle φ can be considered in the range of zero toπ. sinφ can 
be expressed as. 

sinφ =
(
1 − cos2φ

)1
2 =

[
2l2

(
r2 + x2

B

)
−
(
r2 − x2

B

)2
− l4

]1
2

2xB⋅r
(5) 

Kinematic relations. A kinematic analysis is conducted to illustrate the 
kinematic relations in a crank inerter. For the crank inerter, the left 
direction of x is considered positive in this study. Given an initial dis
tance of points O and B denoted asxB0, the distance xB(t) with respect to 
time t can be expressed as. 

xB(t) = xB0 − x(t) (6)  

where x(t) is the relative displacement of the crank inerter with respect 
tot. According to Eq. (6), the relationships between the derivates of xB 
and x with respect to t can be written as. 

ẋB(t) = − ẋ(t), ẍB(t) = − ẍ(t) (7)  

where ẋB(t) and ẍB(t) are the first and second derivates of distance xB 
with respect tot, respectively; ẋ(t) and ẍ(t) are the first and second 
derivates of displacement x with respect tot, respectively. 

Taking the first and second derivates of both φ and xB with respect to 
t at both ends of Eq. (4), the angular velocity φ̇ and angular acceleration 
φ̈ of the flywheel can be calculated as. 

φ̇ =
r2 − x2

B − l2

2rx2
Bsinφ

ẋB (8)  

φ̈ =
1

sinφ
⋅

⎡

⎣
2
(
l2 − r2

)
⋅ẋ2

B +
(
r2 − l2 − x2

B

)
xB⋅ẍB

2rx3
B

− φ̇2cosφ

⎤

⎦ (9) 

Force transformation. To obtain the constitutive equation of the crank 
inerter, the transfer of forces in the crank inerter under external exci
tation F is subsequently depicted as shown in Fig. 3. The transfer process 
of forces in the crank inerter can be described as follows: the total re
action force F can be divided into the summation of the friction force Ff 

and the force FI of the crank inerter along the linear motion rod to be 
transferred to the connecting rod, by assuming that the reciprocating 
inertia force of the linear motion rod is ignored due to its small mass 
compared to the flywheel; the force FI can be divided into the lateral 
pression Fc of the guide and the force Fl along the connecting rod; and Fl 

can be further divided into the radial force Fn and the tangential forceFt. 
Consequently, Ft drives the rotation of the flywheel in the crank inerter. 
Although the friction force Ff is only marked on the interface of the slider 
in Fig. 3, the total friction effect of the crank inerter (e.g., the friction 
effect generated at points A and B) is included in Ff for simplification. 

Through the division of forceFI, the forces Fc and Fl can be calculated 
according to the parallelogram rule of force as follows: 

Fc = FI tanβ (10) 

Fig. 2. Configuration of a crank inerter device.  

Fig. 3. Relationships between forces in the crank inerter.  
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Fl = FI/cosβ (11) 

The forces Fn and Ft can be obtained by dividing the forceFl, 
expressed as. 

Fn = FIcos(φ + β)/cosβ (12)  

Ft = FIsin(φ + β)/cosβ (13) 

The flywheel in the crank inerter is directly driven by the forceFt. 
According to the moment equilibrium principle of the flywheel with 
respect to point O, Ft satisfies the expression as follows: 

Imφ̈ = Ftr = FIrsin(φ + β)/cosβ (14)  

where Im = m0R2/2 is the moment of inertia of the circular flywheel 
with massm0. Rewriting Eq. (14), the force FI can be expressed as. 

FI =
Imφ̈⋅cosβ

rsin(φ + β)
(15) 

According to the derivation above, the force FI is eventually balanced 
against the rotational inertia of the flywheel through the force trans
formation in the crank inerter. Hence, the force FI is considered the 
inertia output force of the crank inerter. Substituting Eqs. (2)-(9) into Eq. 
(15), for a crank inerter with a certain size and specifiedxB0, the inertia 
output force FI can be rewritten as follows: 

FI = Im[a(x)ẍ + b(x)ẋ2] = fI1 + fI2 (16)  

where a(x) and b(x) can be expressed as. 

a(x) =
[
(xB0 − x)2

+ l2 − r2
]2

(xB0 − x)2
{

2l2
[
r2 + (xB0 − x)2 ]

−
[
r2 − (xB0 − x)2 ]2

− l4
} (17)   

fI1 = Ima(x)ẍ is part of the inertia output force related to displace
ment x and accelerationẍ, and fI2 = Imb(x)ẋ2 is part of the inertia output 
force related to displacement x and velocityẋ. These two expressions are 
performed to provide better insight into the analysis of inertia output 
forceFI. The term fI1 in the expression of the inertia force of the crank 
inerter is similar to the reaction force of a typical inerter, even though it 
also depends on the terminal displacement x of the crank inerter. 
Although fI2 has a damping-like expression, it actually results from the 
inertia effect of the crank inerter and arises due to the relationship be
tween the terminal displacement x and rotation of the flywheel in the 
crank inerter. This can be seen and understood from the above deriva
tion and the working mechanism of the crank inerter. These two terms 
are further investigated through a parametric analysis for an in-depth 
understanding of the inertial property of the crank inerter in Subsec
tion 3.2. 

The inertia force FI of the crank inerter is also checked from an en
ergy perspective. Assuming the terminal displacement x is harmonic, i. 
e.,x = Xeiwt, the corresponding velocity and acceleration can be 
expressed as ẋ = (Xw)ieiwt andẍ = − Xw2eiwt , respectively, where X is the 
amplitude of the terminal motion of the crank inerter, i is the imaginary 
unit and w denotes the circular frequency of the external excitation. In 
one vibration cycle, the work of FI in the crank inerter is calculated as. 

WI =

∫ 2π
w

0
FI ẋdt =

∫ 2π
w

0
fI1ẋdt+

∫ 2π
w

0
fI2ẋdt (19) 

Substituting Eqs. (16)-(18) and the harmonic terminal motion of the 
crank inerter into Eq. (19) gives. 
∫ 2π

w

0
fI1ẋdt = 0,

∫ 2π
w

0
fI2ẋdt = 0,WI =

∫ 2π
w

0
fI1ẋdt+

∫ 2π
w

0
fI2ẋdt = 0 (20) 

which indicates that there is no energy dissipation in the crank 
inerter in one vibration cycle. The forcesFI, fI1 and fI2 are all conservative 
forces. 

In addition, according to Eq. (16), the value of the inertia output 
force FI of the crank inerter relies on the displacementx, velocity ẋ and 
acceleration ẍ of the linear motion rod. This is quite different from the 
typical linear inerter device, whose inertia output force is proportional 
to the terminal acceleration. Under the assumption of harmonic terminal 
motion of the crank inerter, the relationship between the displacementx, 
velocity ẋ and acceleration ẍ can be expressed asẋ2

=
(
x − X2/x

)
ẍ. 

Substituting this equation into Eq. (16), the inertia output force FI of the 
crank inerter can be rewritten as. 

FI = Im[a(x)ẍ + b(x)ẋ2 ] =
m0R2

2

[

a(x) + b(x)⋅
(

x −
X2

x

)](

ẍ1 − ẍ2

)

(21) 

Then, the inertance min of the crank inerter can be expressed as. 

min =
FI

ẍ1 − ẍ2
=

m0R2

2

[

a(x) + b(x)⋅
(

x −
X2

x

)]

(22) 

The apparent mass effect of crank inerter can be reflected by Eq. (22). 
In addition, according to Eq. (22), the value of min is related to the ter
minal displacement x and the corresponding amplitude X of the crank 
inerter. Hence, unlike the typical inerter device, the inertance min of the 
crank inerter is considered not constant but variable. Further, the 

negative stiffness kin of the crank inerter is also considered variable, 
which is graphically illustrated by the inertial behavior of crank inerter 
below (Fig. 4). The negative stiffness kin can be expressed as. 

kin =
FI

x1 − x2
= − w2m0R2

2

[

a(x) + b(x)
(

x −
X2

x

)]

(23) 

From the perspective of the physical implementation and theoretical 
analysis of crank inerter above, its variable negative stiffness is gener
ated by the nonlinear relationship between the linear motion of the 
slider and the rotation of the flywheel. 

Generally, friction in a mechanical device is inevitable. To derive the 
constitutive equation, the friction force existing in the crank inerter is 
considered. Coulomb friction is assumed to model the friction effect, and 
the friction force Ff can be calculated as. 

Ff = fcsgn(ẋ) (24)  

sgn(ẋ) =

⎧
⎨

⎩

1, ẋ > 0
0, ẋ = 0
− 1, ẋ < 0

(25)  

where fc is the magnitude of the Coulomb friction force. 
By adding the inertia and friction effect together, the constitutive 

equation of the crank inerter can be expressed as follows: 

b(x) =

[
r2 − l2 − (xB0 − x)2 ]

[(
l2 − r2

)3
+
(
3r4 + 2l2r2 − 5l4

)
(xB0 − x)2

+ 3
(
l2 − r2

)
(xB0 − x)4

+ (xB0 − x)6
]

(xB0 − x)3
{

2l2
[
r2 + (xB0 − x)2 ]

−
[
r2 − (xB0 − x)2 ]2

− l4
}2 (18)   
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F = FI +Ff = Im[a(x)ẍ + b(x)ẋ2 ] + fcsgn(ẋ) (26) 

As a consequence, the mechanical behavior of the crank inerter can 
be represented by an inerter element with variable inertance and a 
friction element connected in parallel. Fig. 4 shows the corresponding 
mechanical model and the schematic force–displacement loops of the 
crank inerter. The energy dissipation effect is not exhibited by the 
force–displacement loop of the inertial behavior in the crank inerter 
(Fig. 4b). The slope of the curve in Fig. 4b is negative and continuously 
variable, which is different from the constant slope of the inertial 
force–displacement loop of a typical inerter. The constant negative slope 
is described as the negative stiffness effect of a typical inerter. Hence, it 
can be said that a crank inerter can behave a continuously variable 
negative stiffness effect. Fig. 4c shows the hysteretic curve of the 
Coulomb friction presented with a rectangular curve, and the super
position of the inertial and frictional behaviors composes the total me
chanical behavior of the crank inerter shown in Fig. 4d. Note that these 
schematic force–displacement loops are qualitatively presented and 

obtained based on the derivations above using a certain harmonic 
excitation. 

3.2. Parametric analysis of inertia force 

The inertial behavior of a crank inerter is addressed in this section. 
To present the characteristics of the two terms, fI1 andfI2, in the calcu
lation of the inertia force of the crank inerter, a parametric analysis is 
conducted herein. Givenr = 15mm,R = 130mm, xB0 = l = 100mm and 
m0 = 10kg in a crank inerter, the values of fI1 and fI2 are calculated using 
Eq. (16) and shown in Fig. 5. When x is relatively small (approximately 
− r/3⩽x⩽r/3), the value of fI1 is largely independent of the change in 
displacement x and proportional to accelerationẍ, as shown in Fig. 5a. 
This means that the force fI1 can be considered linear with a smallx, 
which is the same as a typical linear inerter. For a largex, the value of fI1 
depends both on x and ẍ and is nonlinear. In Fig. 5b, for a relatively 
small displacement x ( − r/3⩽x⩽r/3), the value of fI2 is approximately a 

Fig. 4. Mechanical model and behaviors of a crank inerter.  

Fig. 5. Inertia forces of the crank inerter.  
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horizontal plane close to the plane offI2 = 0, which means that the force 
fI2 related to x and ẋ can be ignored for calculation of the inertia force of 
the crank inerter when x is small. Accordingly, for a largex, fI2 is obvi
ously nonlinear with the change of x andẋ. 

The stroke of a crank inerter is correlated with the initial position of 
the linear motion rod measured byxB0. To ensure that the crank inerter 
can be reciprocally driven with an equal stroke r in both the positive and 
negative directions, the value of xB0 is recommended to be equal to l for 
the application of the crank inerter, which is also adopted in the para
metric analysis above. Based on this condition, the crank inerter can be 
concluded to provide an approximate linear inertia force when x is small 
( − r/3⩽x⩽r/3) and a nonlinear inertia force when x is large, according 
to the numerical analysis above. Since the upper limit for the stroke of a 
crank inerter depends on the value ofr, which is related to the inertial 
output force of the crank inerter, the trade-off between the stroke and 
inertial output force should be considered for the design of a crank 
inerter. An additional displacement-restricted friction mechanism can 
also be beneficial to update the crank inerter device considering safety 
reasons. 

4. Experimental testing 

4.1. Testing setup and specimen detail 

To obtain the mechanical behavior and verify the derived constitu
tive model, a prototype device is fabricated based on the proposed 
configuration of a crank inerter for experimental investigation, as shown 
in Fig. 6. The total length and stroke of the crank inerter are 450 mm and 
± 15 mm, respectively. Considering the limitation of the installation 
space of the testing rig shown in Fig. 6, flywheels of the crank inerter are 
placed in the horizontal direction rather than vertical direction, which is 
different from the schematic configuration of the crank inerter shown in 
Fig. 2. Note that the direction of flywheels has no impact on the me
chanical behavior of the crank inerter. The specifications of the crank 
inerter are listed in Table 1. A hydraulic servo actuator with a built-in 
displacement sensor is used for the dynamic test of the crank inerter. 
A load cell placed between the actuator and crank inerter is adopted to 
measure the reacting force of the crank inerter, as shown in Fig. 6. The 
output force, frequency range and working stroke of the actuator are 
0–15 kN, 0–10 Hz and ± 100 mm, respectively. Two accelerometers are 
placed at one of the ends of the crank inerter, and the other end of the 
crank inerter is fixed on the testing rig. Sinusoidal excitations with 
different amplitudes and frequencies are employed to conduct the dy
namic test, which are generated with the displacement control mode. 

4.2. Test cases 

Based on the theoretical analysis of the mechanical behavior of the 
crank inerter, its inertance is considered variable in general. In partic
ular, the inertance of the crank inerter can be considered to be 
approximately constant under a small displacement amplitude 
excitation( − r/3⩽X⩽r/3). Hence, the reaction forces of the crank inerter 
are experimentally checked under sinusoidal excitations with both large 
and small displacement amplitudes. The presented constitutive model of 
the crank inerter is verified with the experimental results for different 
test cases. For the crank inerter with a flywheel of 1.787 kg, dynamic 
tests are conducted under 2 Hz sinusoidal excitations with variable 
amplitudes of 11 mm, 12 mm and 13 mm, which are seen as test cases 
with large displacement amplitudes. In particular, under sinusoidal 
excitation with a frequency of 2 Hz and amplitude of 12 mm, dynamic 
tests are also conducted for a crank inerter with flywheel weights of 
3.624 kg and 7.812 kg to comprehensively present the mechanical 
behavior of the crank inerter. The flywheel of the prototype device used 
for testing is designed to be easily replaced using the flange connection. 
Sinusoidal excitation with a 5 mm amplitude is considered the small 
displacement amplitude excitation for these experiments. For the crank 
inerter with a flywheel of 7.812 kg, dynamic tests are conducted using 5 
mm sinusoidal excitations with frequencies of 0.5 Hz, 1 Hz, 1.5 Hz, 2 Hz 
and 3 Hz. Note that in all of the crank inerter test cases, the initial dis
tances xB0 before loading are designed to be equal tol. 

5. Results and discussions 

The reaction forces of the crank inerter are presented in this section 
for the different test cases illustrated above. The experimental mea
surements of the crank inerter are mainly characterized by two groups of 
excitations, large and small displacement amplitudes, based on the 
theoretical analyses in Section 3. The proposed constitutive model of 

Fig. 6. Photograph of the experimental setup for the dynamic test of the crank inerter.  

Table 1 
Specifications of crank inerter.  

Parameter of CI Value 

Total length of crank inerter (mm) 450 
Stroke (mm) ± 15 
Elastic modulus of material E (MPa) 200 GPa 
Length of connecting rod l (mm) 100 
Diameter of connecting rod d1 (mm) 20 
Diameter of linear motion rod d2 (mm) 15 
Length of crank r (mm) 15 
Radius of flywheel R (mm) 130 
Radius of flange R1 (mm) 40 
Mass of flywheel m0 (kg) 1.787, 3.624, 7.812 
Mass of flange m1 (kg) 0.427  
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crank inerter is verified through comparisons between the theoretical 
results and the experimental test data. 

5.1. Inertia forces of the crank inerter under large displacement amplitude 
excitations 

5.1.1. Experimental results 
Comparisons between the experimental output forces and calculated 

forces, including the total reaction force and inertia output force, are 
conducted here to verify the proposed constitutive equation of a crank 
inerter under large displacement amplitude excitations. According to 
the experimental test data, the estimated value of Coulomb friction for 
the proposed constitutive model of the prototype crank inerter is iden
tified using the nonlinear least squares method. The theoretical inertia 
forces are calculated using Eq. (16) based on the testing displacement 
and acceleration. The total reaction forces of the crank inerter are ob
tained with Eq. (26). 

For the crank inerter with a flywheel mass of 1.787 kg, the experi
mental result, total reaction force and inertia force are shown in Fig. 7 

under sinusoidal excitation with a frequency of 2 Hz and amplitude of 
12 mm. The theoretical reaction forces agree well with the experimental 
results in the time history expression and hysteretic loops, which verifies 
the proposed calculation of the constitutive model of the crank inerter. 
Under an observation of the blue line in Fig. 7b, a variable negative 
stiffness effect is shown by the force–displacement loop of the inertia 
force of the crank inerter, and the tangent stiffness in this curve increases 
with the increase in displacement of the crank inerter. In addition, no 
energy dissipation effect is shown in the force–displacement loop of 
inertia force, whereas slight energy dissipation behavior in the force
–displacement loop of the experimental result for the crank inerter is 
shown with the black dotted line in Fig. 7b. This can be attributed to the 
friction force in the crank inerter. Fig. 7c exhibits the force-acceleration 
loop of the crank inerter. An obvious nonlinear relationship between the 
inertia force and relative acceleration can also be observed for the crank 
inerter, and the increasing rate of inertia force evidently increases with 
increasing acceleration. According to the definition of inertance(inertia 
force/relative acceleration), the inertance of the crank inerter is 
considered variable and nonlinear. 

Fig. 7. Experimental and theoretical forces of the crank inerter under large displacement amplitude sinusoidal excitation (frequency: 2 Hz, amplitude: 12 mm).  
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Although the initial distance xB0 is set to be equal to l = 100 mm 
before loading, the actual xB0 may not be exactly equal to 100 mm in the 
experiment under a manually operated initial position of the actuator. In 
this test case, the actual xB0 is identified as 99.5 mm using the nonlinear 
least square method. This parameter is mainly related to the absolute 
value of the maximum and minimum reaction forces of the crank inerter. 
In addition, because the original moment of inertia Im,0 of the crank 
inerter is difficult to calculate considering the irregular shape and mass 
distribution of the crankshaft, this parameter also needed to be 
measured experimentally and was determined to be 1.72 × 104kg⋅mm2 

in this test case. 
In this study, the expression of the inertia force of the crank inerter is 

divided into two terms, expressed as fI1 andfI2. For the test case above, 
the total inertia force of the crank inerter calculated using Eq. (16) and 
its components, fI1 andfI2, are presented in Fig. 8 to display the contri
butions of these two components to the total result. The values of fI1 are 
close to the total inertia force of the crank inerter, especially for their 
maximum and minimum values. A relatively large value of fI2 is ob
tained when the terminal displacement is close to its amplitude. The 
term fI1 can be seen as the main contributor to the total inertia force of 
the crank inerter, but the impact of the value of fI2 on the total inertia 
force cannot be ignored. As shown in Fig. 8b, neither of the force
–displacement loops of inertia force, fI1 andfI2, exhibit the energy 
dissipation effect, which is consistent with the theoretical analysis of Eq. 
(20). 

The force–displacement loops of the crank inerter with m0 = 1.787kg 
are compared under sinusoidal excitations with a certain frequency of 2 
Hz and amplitudes of X = 11 mm, X = 12 mm and X = 13 mm to 
comprehensively exhibit the inertia force and total reaction force of the 
crank inerter, as shown in Fig. 9. Good agreement can be observed be
tween the experimental and theoretical reaction forces for different 
excitation amplitudes. A more evident nonlinear behavior of the inertia 
force of the crank inerter is shown for a larger amplitude excitation, 
which indicates a lager negative stiffness for a larger excitation ampli
tude. Furthermore, it is observed that the maximum inertia force of the 
crank inerter increases rapidly with increasing excitation amplitude 
under a certain frequency excitation. When the excitation amplitude 
increases from 11 mm to 13 mm (i.e., an increase of the amplitude of 2 
mm) for the frequency of 2 Hz, the maximum inertia force of the crank 
inerter increases by more than one time. Using Eqs. (22) and (23), the 
inertances and negative stiffnesses of the crank inerter at the maximum 
displacement amplitudes are calculated, respectively, as listed in 

Fig. 8. Composition of the inertia force in the crank inerter (frequency: 2 Hz, amplitude: 12 mm).  

Fig. 9. Force-displacement loops of the crank inerter under 2 Hz sinusoidal excitations with different amplitudes (m0 = 1.787kg).  

Table 2 
Values of min and kin of crank inerter at different maximum amplitudes.   

Maximum amplitude of the excitation 

X = 11mm X = 12mm X = 13mm 

Inertance min (kg)  199.8  356.9  409.8 
Negative stiffness kin (N/mm)  − 31.6  − 56.4  − 64.7  
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Table 2. A rapid increase in the inertance and negative stiffness at the 
maximum displacement amplitude for the crank inerter are obtained 
with the increase in excitation amplitude. Hence, a large inertia force is 
produced by the additional crank inerter in structures when there is a 
large displacement response, which usually occurs during severe vi
bration of structures. Additionally, for these three test cases, all the 
actual initial distances xB0 are identified as 99.5 mm because the actu
ator can automatically return to the same initial location after a test 
case. 

Fig. 10 compares the force–displacement loops of the crank inerter 
with different flywheel masses under a certain sinusoidal excitation with 
a frequency of 2 Hz and amplitude of 12 mm. The tendency of the 
theoretical value matches well with the experimental inertia force of the 
crank inerter for different flywheel masses. Furthermore, the maximum 
output inertia forces of the crank inerter with different flywheels are 
approximately proportional to the weight of the flywheel. Different 
characteristics of the relationships between the absolute values of 
maximum and minimum forces are observed for the test cases with 
different flywheel weights. For the test case of m0 = 1.787kg, the ab
solute value of the maximum force is evidently less than that of the 
minimum force. However, form0 = 3.624kg, these two absolute values 
are approximately equal, and form0 = 7.812kg, the absolute value of the 
maximum force is larger than that of the minimum force. This phe
nomenon is mainly caused by the different values of xB0 in these test 
cases. Due to the replacement of the flywheel in the experimental test, 
the initial distance xB0 needs to be manually reset for each case. Hence, 
different values of xB0 may occur around the expected value of 100 mm 
for xB0 in these test cases. The actual values of xB0 for the cases of m0 =

1.787kg, m0 = 3.624kg and m0 = 7.812kg were determined to be 99.5 
mm, 100.1 mm and 100.3 mm, respectively. 

5.1.2. Discussions 
It is shown in Fig. 10(b) and 10(c) that the positive slopes occurred 

near zero displacements of the crank inerter. This phenomenon may be 
raised by the unsmooth rod due to the degradation of components in the 
crank inerter. The backlash is another reason for the positive slopes, 
which can cause the lag of force when the direction of the displacement 
is changed in the crank inerter [41,42]. In addition, discrepancies be
tween the theoretical and experimental results are shown in force
–displacement loops above for the crank inerter, especially for the 
testing cases with large reaction forces. One of the reasons for the 
discrepancy is the backlash existed in the prototype crank inerter due to 
the mechanical manufacture, which is not considered in the proposed 
constitutive model. By updating the mechanical manufacturing tech
niques, the backlash in crank inerter can be significantly reduced. 
Readers of interest of the backlash in an inerter device can refer to the 

research by Wang and Su [42]. The other reason for the discrepancy 
between experimental and theoretical results is due to gradual degra
dation of the components of crank inerter during the testing. This is also 
indicated by relatively large discrepancies in the testing cases with large 
reaction forces. The degradation of the components of crank inerter can 
cause different friction coefficient during a testing case, which differs 
from the adopted ideal Coulomb friction mode. However, this model is 
still recommended due to its simplicity and acceptable accuracy. The 
gradual degradation of the components of crank inerter cause different 
friction forces for different testing cases. As a consequence, the friction 
forces for the cases ofm0 = 1.787kg, m0 = 3.624kg and m0 = 7.812kg 
are identified as 24.2 N, 54.1 N, and 67.3 N, respectively. 

Noted that the cross phenomenon for backward and forward parts 
occurs in force–displacement loops above, which is considered unrea
sonable according to the derived constitutive model of the crank inerter. 
This phenomenon occurred in experimental curves is mainly caused by 
the existence of backlash in prototype crank inerter, which can also be 
found in the experimental study of the inerter device by Nakamura et al 
[25]. The cross phenomenon in blue force–displacement loops of theo
retical output inertia forces is considered due to degradation of com
ponents in crank inerter, which is more obvious in later testing cases and 
testing cases with lager output inertia forces. 

5.2. Inertia forces of the crank inerter under large displacement amplitude 
excitations 

According to the parametric analysis results in Section 3.2, the 
inertance of a crank inerter can be approximately constant under a small 
displacement amplitude excitation (approximately − r/3⩽X⩽r/3). In 
this study, an excitation amplitude of 5 mm is set as a small displacement 
for the prototype crank inerter. Dynamic tests are conducted for a crank 
inerter with a flywheel weight of 7.812 kg to check its mechanical 
performance under 5 mm sinusoidal excitations with frequencies of 0.5 
Hz, 1 Hz, 1.5 Hz, 2 Hz and 3 Hz. 

Fig. 11 shows the experimental result, total reaction force and inertia 
force of the crank inerter under sinusoidal excitation with a frequency of 
2 Hz and amplitude of 5 mm. The theoretical value obtained with Eq. 
(26) matches the experimental result under a small displacement exci
tation. The experimental result (Fig. 11b) of the crank inerter exhibits an 
obvious enclosed area in the force–displacement loop. This is because 
the backlash in the inerter device and actuator may be comparable to the 
small displacement amplitude. Additionally, test cases of small 
displacement excitation are conducted after all of the large displacement 
excitations. Hence, the degradation of the components in the crank 
inerter can also be an influencing factor. For the force–displacement 
loop of inertia force of the crank inerter, the enclosed area is much 

Fig. 10. Force-displacement loops of crank inerter with different flywheel masses (frequency = 2 Hz, amplitude = 12 mm).  
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Fig. 11. Experimental and theoretical inertia forces of the crank inerter under small displacement amplitude sinusoidal excitation (frequency: 2 Hz, amplitude: 
12 mm). 

Fig. 12. Composition of the inertia force in crank inerter (frequency: 2 Hz, amplitude: 12 mm).  
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Fig. 13. Force-displacement loops of the crank inerter under 5 mm sinusoidal excitations with different frequencies (m0 = 1.787kg).  
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smaller. An approximately linear tendency between the inertia force and 
displacement is shown for the force–displacement loop, which indicates 
an approximate constant negative stiffness is provided by crank inerter 
under a certain small displacement amplitude excitation. Fig. 11c shows 
the corresponding force-acceleration loop. The inertia force of the crank 
inerter is almost proportional to the acceleration. Hence, the inertance 
of the crank inerter can be considered constant under a small displace
ment amplitude excitation, which verifies the parametric analysis result 
above. 

According to the Eq., the calculation of inertia force is divided into 
two terms, fI1 andfI2. These two terms and the total inertia force are 
exhibited in Fig. 12 to check their contribution to the total inertia force. 
The values of fI1 are almost equal to the total inertia force of the crank 
inerter, whereas the values of fI2 are close to zero. This indicates that the 
inertia force related to the terminal velocity of the crank inerter can be 
ignored under a small displacement amplitude excitation, which is 
consistent with the parametric analysis in Section 3.2. 

Fig. 13 shows the force–displacement loops of the crank inerter 
under 5 mm sinusoidal excitations with frequencies of 0.5 Hz, 1 Hz, 1.5 
Hz, 2 Hz and 3 Hz. The calculated reaction forces using Eq. (26) matches 
the experimental results for all test cases with different excitation fre
quencies. Under small displacement excitations, the relationship be
tween the inertia force and displacement is approximately linear for 
different excitation frequencies. An approximately constant negative 
stiffness effect for the crank inerter is shown by the force–displacement 
loops of inertia forces in Fig. 13 under a certain small displacement 
amplitude excitation. With increasing excitation frequency, the negative 
stiffness of the crank inerter increases under 5 mm sinusoidal 
excitations. 

6. Example 

To check the effectiveness of the proposed crank inerter for structural 
vibration suppression, this device is adopted in a vibration isolator and 
its performances are compared with the uncontrolled vibration isolator, 
and the vibration isolator equipped with classic inerter whose negative 
stiffness and inertance is constant under a certain harmonic excitation. 
The mechanical model of a vibration isolator with crank inerter is shown 
in Fig. 14, wherem,c, and k are the isolated mass, stiffness and damping 
coefficient of the isolator, respectively, fe and ω are the amplitude and 
frequency of the harmonic force excitation, respectively. Note that, for 
simplification, the friction action of crank inerter is ignored in the dy
namic analysis of the corresponding isolator below, considering that the 
friction force of this device is slight according to the experimental and 
theoretical results above. This is a common manipulation for the dy
namic analysis of the structure with inerter devices. 

By employing the expression of the inertial force FI in Eq. (16), the 

equation of motion for the vibration isolator with crank inerter can be 
written as follows: 
(

m +
m0R2

2
a(y)

)

ÿ+
m0R2

2
⋅b(y)ẏ2 + cẏ+ ky = fecosωt (27)  

wherey, ẏ and ÿ denote the displacement, velocity and acceleration of 
the mass relative to the base with respect to the timet, respectively, a(y)
and b(y) can be calculated using Eq. (17) and (18), respectively. For 
convenience, the following non-dimensional parameters are defined as. 

μ =
m0

m
, ξ =

c
2

̅̅̅̅̅̅
mk

√ ,ω0 =

̅̅̅̅
k
m

√

, γ =
R
r

Y =
y
r
, τ = ω0t,Ω =

ω
ω0

,Fe =
fe

kr

(28)  

where μ is mass ratio of the flywheel of crank inerter to the isolated 
object, ξ and ω0 are the damping ratio and frequency of the isolator 
without crank inerter, respectively, γ denotes the ratio of the radius of 
the flywheel to that of the crank, andY,τ, Ω and Fe are the non- 
dimensional displacement, the non-dimensional time, the non- 
dimensional excitation frequency and force amplitude, respectively. 

Using the non-dimensional parameters above, Eq. (27) can be 
rewritten in a dimensionless form as follows: 
(

1 +
μγ2

2
A(Y)

)

Y ′

+
μγ2

2
B(Y)2

+ 2ξY ′

+ Y = Fecos(Ωτ) (29)  

where the primes are differentiation with respect toτ, A(Y) and B(Y) are 
the non-dimensional expressions of a(y) andb(y), respectively, given as. 

A(Y)=
[
(XB0 − Y)2

+L2 − 1
]2

(XB0 − Y)2
{

2L2⋅
[
1+(XB0 − Y)2 ]

−
[
1 − (XB0 − Y)2 ]2

− L4
} (30)    

where XB0 = xB0/r denotes the ratio of the initial distance of the two 
terminals of crank inerter to the radius of crank, L = l/r is the ratio of the 
length of connection rod to the radius of crank. 

It is obtained from Eq. (29) that the non-dimensional inertial force of 
crank inerter can be obtained asFI,n =

μγ2

2
(
A(Y)Y′′ + B(Y)Y′ 2 ). InFI,n, 

the term μγ2/2 is equal to the ratio of the inertance of a rack-and-pinion 
inerter which has the flywheel mass of m0 and pinion radius of r to the 
isolated mass. Hence, the inertial force of the crank inerter can be seen as 
the modified inertial force of rack-and-pinion inerter, which can also be 

B(Y) =

[
1 − L2 − (XB0 − Y)2 ]

[(
L2 − 1

)3
+
(
3 + 2L2 − 5L4

)
(XB0 − Y)2

+ 3
(
L2 − 1

)
(XB0 − Y)4

+ (XB0 − Y)6
]

(XB0 − Y)3
{

2L2
[
1 + (XB0 − Y)2 ]

−
[
1 − (XB0 − Y)2 ]2

− L4
}2 (31)   

Fig. 14. Diagram of a vibration isolator with crank inerter.  
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roughly observed from the physical realization of these two inerters. For 
comparison, the classic rack-and-pinion inerter is employed in the 
isolator. The non-dimensional parameter, named the nominal inertance- 
to-mass ratioμin = μγ2/2, are introduced here to facilitate the corre
sponding comparative study. Then, by substituting the term of μγ2/2 
withμin, Eq. (29) can be rewritten as follows. 

(1 + μin⋅A(Y) )Y ′′ + μin⋅B(Y)Y ′ 2 + 2ξY ′

+Y = Fecos(Ωτ) (32) 

Using the fourth-order Runge-Kutta method, Eq. (32) can be solved 
for a certain vibration isolator with crank inerter under the harmonic 
force excitation. For a force excited vibration isolator, the force trans
missibility is usually adopted as an index to assess the isolation perfor
mance of the isolator. The total non-dimensional force FT transmitted to 
the base for the vibration isolator with crank inerter can be calculated 
as. 

FT = μin⋅A(X)X′′ + μin⋅B(X)X ′ 2 + 2ξX
′

+X (33) 

Then, the force transmissibility TRF of the vibration isolator with 
crank inerter can be obtained as the ratio of the amplitude of the non- 
dimensional transmitted force FT,a to the amplitude of the non- 
dimensional excitation forceFe, expressed as. 

TRF =
FT,a

Fe
(34) 

By settingμin = 0.5,ξ = 0.02,L = XB0 = 10,Fe = 0.05, the force 
transmissibility TRF for the vibration isolator with crank inerter is 
numerically obtained using Eq. (34) within the range of Ω from 0.1 to 
10, as shown in Fig. 15. For comparison, the analytical results of the 
force transmissibility for the isolator with classic inerter with μin = 0.5 
and the uncontrolled isolator (i.e., μin = 0) are also shown in Fig. 15. The 
jump-up and jump-down phenomena are exhibited in the trans
missibility curve of the isolator with crank inerter, which is an inherent 
phenomenon in the field of nonlinear vibration [43]. The corresponding 
non-dimensional jump-up and jump-down frequencies are obtained as 
0.752 and 0.754 in the analysis case, respectively. The resonance regions 
of the force transmissibility curves for both the isolators with crank 
inerter and classic inerter are shifted to the low-frequency range 
compared to the uncontrolled isolators. For the isolator with crank 
inerter, its force transmissibility curve in the resonance region bends 
towards the low-frequency range, and the peak value of its force 

transmissibility curve is evidently lower than that for the isolator with 
classic inerter. In addition, it can be seen from the detailed figure that 
the force transmissibility curve of the isolator with crank inerter in
tersects to the curve of the uncontrolled isolator at the left of the 
intersection for the curve of the isolator with classic inerter and that of 
the uncontrolled isolator. This indicates that the frequency band of the 
isolator with crank inerter is slightly broader than that of the isolator 
with classic inerter relative to the uncontrolled isolator. The anti- 
resonances exist in force transmissibility curves for both the isolators 
with crank inerter and classic inerter. To sum up, based on the analysis 
in this section, the isolator with crank inerter is said to behave an 
improved performance compared to the uncontrolled isolator and the 
isolator with classic rack-and-pinion inerter under the same nominal 
inertance-to-mass ratioμin, regarding the peak force transmissibility and 
frequency band. 

7. Conclusion 

This study presents the theoretical and experimental investigation on 
a novel inerter element developed based on the crank mechanism, called 
a crank inerter. The proposed inerter device has the advantage of simple 
configuration and is characterized by variable negative stiffness. The 
constitutive model is built to simulate the mechanical behavior of the 
proposed crank inerter, and a parametric analysis is conducted 
regarding to the inertia force of the crank inerter. The test data of the 
prototype crank inerter and the theoretical results obtained by using the 
constitutive model are compared and analyzed. Effectiveness of the 
proposed crank inerter adopted in a vibration isolator is also investi
gated through dynamic analyses and comparative studies. The following 
conclusion can be drawn from this study about the crank inerter:  

(1) The proposed crank inerter can generate apparent mass and 
negative stiffness effects, which can be utilized as an alternative 
inerter element in vibration isolation and suppression.  

(2) The variable negative stiffness of the crank inerter under dynamic 
excitation is demonstrated by both the experimental and theo
retical results. Growth of the maximum inertia force and negative 
stiffness is found to be more evident under a larger displacement 
amplitude excitation. 

(3) The proposed constitutive model shows good accuracy in pre
dicting the mechanical behavior of crank inerter in different test 
cases, and this gives a theoretical basis to application of the 
proposed crank inerter.  

(4) The parametric analysis indicates that the inertia force of the 
crank inerter has approximately linear correlation to its terminal 
acceleration under a small displacement amplitude excitation. 
This is also verified with the test results under sinusoidal exci
tations with an amplitude of 5 mm. The calculation term of 
inertia force (Eq.) related to the relative terminal velocity of 
crank inerter can be ignored under a small displacement ampli
tude excitation (approximately − r/3⩽X⩽r/3) according to 
experimental and theoretical results.  

(5) The effect of crank inerter in an isolator is theoretically illustrated 
to show its improved performances of the peak force trans
missibility and frequency band. This shows preliminarily the 
superiority of the crank inerter over the classic inerter with 
constant negative stiffness and inertance. 

In this study, testing of the proposed crank inerter is limited to 
harmonic loadings. For further research, the experimental tests of the 
proposed crank inerter using other loading forms, such as the seismic 
wave and random loading, can be beneficial for verifying the 

Fig. 15. Comparison of the force transmissibility for different vibration iso
lators withμin = 0.5,ξ = 0.02,Fe = 0.05 
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applicability of the proposed constitutive model. The analytical solu
tions of the dynamic responses and the experimental research for the 
vibration isolator with crank inerter can be performed to give a more 
comprehensive understanding of this system. The vibration control ef
fect of the crank inerter should also be investigated within a structural 
system other than the vibration isolators. In addition, the crank inerter 
element can be combined with other mechanical elements (e.g., spring 
and damping elements) to provide superior performance. The applica
tion of the crank inerter in adaptive systems can also be considered 
taking into account the characteristics of variable negative stiffness of a 
crank inerter. 
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