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Abstract: Overconsolidated (OC) clay has a strong dilatancy property, which has a significant effect on ultimate strength and deformation.
Compared with normal consolidated (NC) clay, OC clay tends to show a higher strength–stress ratio, lower shear shrinkage, and larger dilatancy,
as well as strain hardening and softening. A unified hardening (UH) model is a simple and practical model to describe the stress–strain relation-
ship of OC soil. However, the degree of overconsolidation has a direct effect on dilatancy, which is mainly demonstrated by: (1) the degree of
overconsolidation is directly related to the phase transformation stress ratio (Mc) that corresponds to the occurrence of dilatancy. The greater the
degree of overconsolidation, the smaller theMc; and (2) the greater the degree of overconsolidation, the smaller the volume shrinkage strain and
the larger the volume dilatancy strain. In a UHmodel, the stress ratio (η) of the phase transformation is a constant and its value is simplified to be
equal to the stress ratio of the critical state (M). A UH model cannot be employed to reflect the fact that the Mc varies with the degree of
overconsolidation. To overcome the previous problems, the Mc in the dilatancy equation will be expressed as a power function of the
overconsolidation stress ratio parameter (R). To reflect the characteristics of large volume shear shrinkage of underconsolidated (UC) soil,
the nonassociative flow rule will be adopted, and the shape of the yield surface modified by state parameters is a water drop surface and the
plastic potential surface is an elliptic surface. The improved model could better reflect the double influence of the degree of overconsolidation
on dilatancy characteristics. DOI: 10.1061/(ASCE)GM.1943-5622.0001947. © 2021 American Society of Civil Engineers.
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Introduction

Clay in a natural sedimentation site has essentially overconsolida-
tion features (Banerjee and Yousif 1986). Many tests had shown
that the dilatancy is the basic deformation behavior for both sand
and clay (Reynolds 1885; Rowe 1962; Matsuoka and Sakakibara
1987; Oda and Konishi 1974). The degree of overconsolidation
has been adopted to measure the maximum stress that the clay
unit has ever experienced during its stress history. A large number
of laboratory tests have confirmed that the greater the degree of
overconsolidation, the smaller the volume shear shrinkage, and
the larger the volume dilatancy under shear loading. In addition,
with the increase of overconsolidation degree, dilatancy is more
probable to occur; therefore, the stress ratio (η) from shear shrink-
age to dilatancy will be smaller. Some heavy overconsolidation de-
gree clays even produce dilatancy directly under shear loading.
Dilatancy has two effects on overconsolidated (OC) clay; the first
is the change rule of volume change and the final volume variable,
and the second is the contribution to the strength of OC clay. The
larger the overconsolidation degrees, the smaller the volume
shrinkage and the larger the volume dilatancy (Ling et al. 2002;

Roscoe et al. 1963; Asaoka 2004; Wood 1990; Casagrande and Ca-
rillo 1944; Ohta and Nishihara 1985; Whittle 1993; Wood and Gra-
ham 1990). In addition, with the increase in the overconsolidation
degree, volume dilatancy occurs more easily, which means a lower
η that correspond to the transformation phase from the volume
shrinkage to the dilatancy will be generated. For some heavy OC
clays, dilatancy occurs without shrinkage under shear loading. Di-
latancy has two effects on the OC clay: (1) it influences the change
law of volume strain and the final volume strain; and (2) it contrib-
utes to the strength of OC clay. Test results have demonstrated that
the dilatancy volume for heavy OC soil is considerable. Under un-
drained conditions, it leads to the negative pressure and effective
stress increasing further. The η is always above the critical state
line (CSL) and eventually gradually approaches the CSL during
the loading process or reaches a point above the CSL. When η
crosses the peak point, the increment of dilatancy decreases gradu-
ally. As η tends to the critical state stress ratio (M ), the dilatancy in-
crement tends to zero. For underconsolidated (UC) soils, due to their
failure to undergo a normal consolidation process, a larger volume
compaction characteristic is shown during the isotropic loading
test (Rouainia and Wood 2000; Jovicic and Coop 1998; Simith
et al. 1992), but the critical state characteristics are the same as
those of the NC clay. During the simulation of clay, the modified
Cam-Clay (MCC) model, which is based on the normal consolida-
tion remodeling clay test result, is the most universal elastoplastic
constitutive model. When η is maintained at zero, which means iso-
tropic compression and η is maintained atM, the MCC model accu-
rately describes the volume compression characteristics for the
previous conditions. Therefore, the interpolation function can be em-
ployed to describe the volume change behavior for η between the
previous two examples. The dilatancy equation employed in the
MCC model can be expressed as

dεpv
dεpd

=
M 2 − η2

2η
(1)
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where dεpv = the plastic volume strain increment; dεpd = the plastic
deviatoric strain increment; M= the stress ratio in critical state;
and η= stress ratio.

From Eq. (1), theMc is equal to η in the critical state (M ). Since
M represents the upper limit of η, dεpv can only be positive and can-
not be negative, which means it only represents shear shrinkage,
not dilatancy.

To describe the dilatancy characteristics of OC soil, the MCC
model could be extended; therefore, it could describe the particular
behavior of OC clay. One of the most representative results of this
is the UH model (Yao et al. 2008a, b, 2009, 2012; Yau and Kong
2012; Yau and Wang 2014), the UH model for OC clay has an
added a unified hardening parameter under the MCC model frame-
work, this means the model can describe some of the characteristics
of OC clay, such as shear contraction, shear dilatancy, and strain
hardening and softening when the overconsolidation degree equals
zero, it will return to the MCC model naturally.

The model, which uses the Hvorslev line, is based on parabola
to correct the potential strength parameters, and the parameters
adopted in the UH model are identical to the MCC model. It is
the most simple and practical constitutive model to describe the
stress–strain relationship for OC clay. Similarly, Hashiguchi’s sub-
loading surface model (Hashiguchi 1989), and Nakai’s (tij) model
(Nakai 1989), are independently developed models within the
framework of the MCC model. The subloading surface model as-
sumes that there should be a subloading surface, which is geomet-
rically similar to the normal yield surface in the stress space.

Since the point of current stress is always located on the sub-
loading surface, the evolution of the geometric similarity ratio rela-
tionship between the subloading surface and normal yield surface
can be described. Based on this, the constitutive equations that de-
scribe OC clay by analytical deduction can be obtained.

A generalization method proposed by Nakai (1989), based on
the spatial mobilized plane (SMP) criterion, a yield surface equa-
tion expressed by the ordinary stress was introduced into T space
by constructing a transformation tensor for the tij model, which
can be adopted to describe the three-dimensional (3D) stress–
strain relationship.

Another typical model is the boundary model proposed by
Dafalias (1986). This model constructs a closed boundary that uses
two ellipses and a hyperbola and deduces a plastic modulus formula
for the boundary surface. The current plastic modulus can be ob-
tained through the interpolating function in which the independent
variable is the distance ratio of the current stress point to image
point. The interpolation function is a total quantity given function,
and it can describe the undrained strength of heavy OC clay more
reasonably. However, there are too many parameters in this model,
and some of them can not be determined experimentally. For exam-
ple, there are 14 parameters in the boundary surface model proposed
by Dafalias (1986). Conventional tests can determine the obtained
parameters, such as the modulus of elastic volume compression
(K), the corresponding slopes λ and κ of the normal consolidation
line (NCL) and swelling line, Poisson’s ratio (ν) for the NCLs and
swelling line, and the η parameters (Nc) and (Ne) for the conventional
triaxial compression and extension paths. Since the boundary surface
in this model is a curve formed by splicing two elliptical curves with
a hyperbolic curve in the middle, five parameters will be affected by
the shape of the boundary surface, such as Rc, Re, Ac, Ae, and T. Rc

represents the proportional coefficient of the long and short axis of
the large elliptic yield surface at the right end in the I-J space
under the triaxial compression path, which is a stress-specific
strength parameter. Geometrically, it is used to adjust the shape of
the yield surface. Physically, it is a single-value function of the inter-
nal friction angle of triaxial compression, which is determined by the

angle of internal friction. Re corresponds to the strength parameter
under the triaxial elongation path. Where Ac represents the distance
coefficient between the vertex of the hyperbola segment and its as-
ymptotic center point in the I-J space under the triaxial compression
path. The slope of the projection of the Hvorslev surface in the I-J
space can be determined by Ac. When Ac= 0, the projection of the
Hvorslev surface in the I-J space is a diagonal segment that coincides
with the CSL; when Ac=∞, the projection of the Hvorslev surface in
the I-J space is a horizontal segment; when the Ac value is between
the previous values, the projection of the Hvorslev surface in the I-J
space is an ordinary hyperbola. Ae represents the distance coefficient
between the vertex and the center of the asymptote of the hyperbola
that corresponds to the triaxial elongation path. The parameter T rep-
resents the proportional coefficient of tensile strength and pure com-
pression hardening stress (I0), which is used to determine the left end
of the small ellipse at the left end of the yield surface and the left end
of the I-axis. In addition, four parameters affected by the degree of
overconsolidation, C, s, hc, and he, are used to determine the influence
law of different degrees of overconsolidation on deformation and
strength. C is the parameter related to the projection center of the
boundary surface. Its physical significance can be expressed as the
proportional coefficient between the kinetic hardening stress (Ic)
and the isotropic hardening stress (I0) in the yield surface. s is the pa-
rameter used to determine the radius of the elastic domain. hc and he,
respectively represent the parameters of the influence factors for the
shape hardening process of the boundary surface under the compres-
sion and extension paths. Between the previous parameters, the final
four parameters all need to be calibrated to the experimental results to
obtain reasonable parameter data. For the description of the dilatancy
volume for clay Li and Li (2009) and Li and Dafalias (2004, 2012),
introduced the state parameters to the dilatancy equation, which
meant that the established constitutive model could reflect the shear
contraction and dilatancy differences brought by the initial state dif-
ferences. Gao et al. (2017) constructed a variable stress ratio with
the boundary model as the frame and the similarity ratio as the inde-
pendent variable and introduced this into the stress dilatancy equa-
tion, which could reflect the dilatancy volume differences for
different degrees of overconsolidation. However, the parameters
for the correction boundary shape changed with the overconsoli-
dation, and it remains uncertain whether the shape of the yield sur-
face relates to the degree of overconsolidation.

Based on disturbed state concept (DSC), a typical hierarchical
single-surface (HISS) model was developed by Desai et al.
(1986) and Desai and Toth (1996). The reactions of different complex
degrees are described with δ0, δ1, δ2, and δvp, such as associated iso-
tropic hardening, unrelated isotropic hardening, anisotropic harden-
ing, and viscoplasticity. The HISS model better reflects the effect
of shear deformation and volumetric deformation on the hardening
and yield of geotechnical materials. The concept of disturbance
state is to set up a relative complete state first, then set up a complete
disturbance state, then any load path or environmental impact could
cause a semidisturbance state between the two. For natural OC soil,
the following two assumptions should be satisfied: (1) soil samples
with a relatively complete state and completely disturbed state need
to be composed of the same microscopic components and mineral
proportions: and (2) maintain the initial integrity of overconsolidation
before loading was carried out. However, during the construction of
the disturbance function, the main method was deductive using soil
mechanics principles or mathematical means. There are more subjec-
tive assumptions, and lower theoretical basis and experimental sup-
port; therefore, there are some difficulties in the determination of
the disturbance function and the corresponding parameters.

Because the UH model does not have perfect simulation for the
dilatancy of OC soil, two improvements are made based on the
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overconsolidated UHmodel. The first uses an initial state parameter
to reflect the larger volume compression characteristics of the un-
consolidated soil, which introduces the state parameter (χ) to the
yield surface equation, to reflect the increased volume compaction
characteristics of UC clay.

The second uses the nonassociative flow rule. The Mc of the
plastic potential surface can be expressed as the power function
of the initial consolidation stress ratio (R), it can be employed to re-
flect the change law of theMc that corresponds to various overcon-
solidation degrees. The shrinkage volume reduces with the increase
of the overconsolidation degree, meanwhile, the shear dilatancy
volume increases.

However, the modified model extends the description range for
clay from overconsolidation to underconsolidation; therefore, it
produces more accurate results for the description of the dilatancy
characteristics of OC clay.

Brief Review of UH Model

Fig. 1 shows the state of stress and void ratio of OC soil in e-lnp
space. Point A′ in this figure is unloaded from point B′. For point
A′, the corresponding preconsolidation pressure is point B′. There-
fore, according to the definition of the degree of superconsolidation,
the following is obtained: R = px/�px. Corresponding to R as shown
in Fig. 2, the previously defined R is the geometric similarity ratio
between the current yield surface and the reference yield surface.
The basic principle of the UH model is to take R of the degree of
overconsolidation as an initial state parameter. The influence of
this initial state parameter (R) on the OC soil is based on deforma-
tion and strength. The basic idea of modeling was as follows. First,
the relationship between R and the strength of the Hvorslev line was
established through different degrees of overconsolidation. Then,
the relationship between the strength of the Hvorslev line and the
potential strength stress ratio (Mf ) was established. Mf was used
to construct the uniform hardening parameters. The uniform harden-
ing parameters were used to reflect the laws of volume shrinkage,
dilatation, stress hardening and strain softening. Therefore, a param-
eter R, which reflects the initial R, was introduced to reflect the laws
of OC soil, such as contraction before dilatation, strain hardening,
and strain softening. The interrelationship between R, Mf, and UH
parameter H is shown in Fig. 3. Since OC clays with different over-
consolidation degrees might have different potential strengths of η,
the value of Mf is related to R. Besides, the UH parameter H is re-
lated toMf. Therefore, H was affected byMf. Meanwhile, the evo-
lution of UH parameter H (related to εpv ) determined the relative
locations between the current yield surface and the reference
yield surface, which conversely influenced the evolution law of R.

Therefore, a circulatory relationship between R, Mf, and UH
parameter H was established, as shown in Fig. 3. This interdepen-
dent relationship remained valid when the OC clay degenerated
into the NC clay.

Fundamental Equation of the Modified UH Model

Refer to the Yield Surface and the Current Yield Surface
Equation

The reference yield surface equation adopted can be expressed as

�f = ln
�p

�p0
+ ln 1 +

η2

M2 − χη2

( )
−
εpv
cp

= 0 (2)

The current yield surface equation can be expressed as

f = ln
p

p0
+ ln 1 +

η2

M2 − χη2

( )
−

1

cp

∫
M4

f − η4

M4
c − η4

dεpv = 0 (3)

Fig. 1. Schematic diagram of reloading curve of OC clay.

M
Mf

A

xp
xpO

B

,p q

,p q

p

p q
R =

)(

( )

=
p q

q

A’ B’

Fig. 2. Current yield surface and reference yield surface of UH model.

Fig. 3. Relationship between R, Mf, and UH parameter H.
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The equation of plastic potential surface is

g = ln
p

p0
+ ln 1 +

η2

M2
c

( )
−

1

cp

∫
M4

f − η4

M4
c − η4

dεpv = 0 (4)

where�p= the mean stress at a point on the reference yield surface;
�p0 = the reference initial average stress that corresponds to p0;
χ= the initial state parameter; η= the stress ratio that is equal to
q/p; εpv = the plastic volume strain; cp= a constant expression that
consists of parameters; cp= (λ−κ)/(1+ e0); M= critical state stress
ratio; p and p0= the average stress on the current yield surface and
the initial average stress;Mc= the variable stress ratio that represents
the stress ratio that corresponds to the transition time of bulk strain
from shear contraction to dilatation, or the stress ratio that corre-
sponds to the transition time from positive pore pressure to negative
pore pressure; and Mf= the potential strength stress ratio and repre-
sents the concept of the strength potential of the OC soil.

Fig. 4 shows the corresponding yield surface shape, from ellipse
to water drop shape, when χ is 0, 0.1, 0.3, 0.5, 0.7, 0.9, and 1, re-
spectively. Here, p is effective mean stress and q is the generalized
deviatoric stress. They can be expressed by using principal stresses

p =
σ1 + σ2 + σ3

3
(5)

q =
1��
2

√
���������������������������������������
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2
√

(6)

As shown in Fig. 5, the three skew lines that are parallel to each
other represent the NCL, CSL, and the densest consolidated line
(DCL), respectively. It was assumed that the DCL was the upper
limit of the density, for example, the lower limit of the correspond-
ing void ratio. Loading tests with a constant P were carried out from
the four different initial points A, B, D, and G, respectively. Be-
cause point A was located on the NCL, the whole shearing process
remained in a constant shrinkage state. Along the AC path directly
to the CSL C, the corresponding volume strain value was cp ln 2.
When the initial point was located in the area that was below the
NCL line but above the DCL line, such as the point D, which
shrank to point E first and then began to dilate until point
F. When the initial point was B, due to the corresponding state dur-
ing maximum dense status under the current mean stress, dilatancy
processes during the whole process of shear loading and reached
from point B to point C. When the initial point was located in
the area above the NCL line, such as point G, the corresponding

state was UC soil. At this point, it sheared directly along the GH
path loading to H with the whole shear contraction state.

The NCL equation can be expressed as follows:

e = N − λ ln p (7)

The CSL equation can be expressed as follows:

e = Γ − λ ln p (8)

The DCL equation can be expressed as follows:

e = D − λ ln p (9)

where e= the void ratio; λ= the slope of NCL in e-lnp space; N=
the intercept of NCL in e-ln p space; Γ= the intercept of CSL in
e-lnp space; and D= the intercept of DCL in e-ln p space.

For the UC clay, the shear contraction degree during the shear
contraction process can be expressed by the parameter χ. It was as-
sumed that the process from G to H can be expressed by a volume
change equation as follows:

εpv = cp ln
p

p0
+ ln 1 +

η2

M 2 − χη2

( )[ ]
(10)

Eq. (10) is based on the relationship between the p process of the
unconsolidated soil and point H, as shown in Fig. 2. When Eq. (2)
is loaded along the constant mean stress path, dp= 0; when it is
loaded into the critical state, p= p0, η=M can be substituted into
the Eq. (8).

Considering p remains a constant value during the loading pro-
cess, the simplified equation is as follows:

εpv = cp ln 1 +
1

1 − χ

( )
(11)

If the plastic volume change equals volume strain, then

εpv = εv =
Δe

1 + e0
=
e0 − Γ + λ ln p0

1 + e0
(12)

where Δe= the change value of void ratio. Combining Eqs. (11)
and (12), expression of parameter χ can be obtained

χ = 1 −
1

exp
e0 − Γ + λ ln p0

λ − κ

( )
− 1

(13)

where κ= the slope of swelling line that corresponds to the NCL
in e-ln p space. When e0 is on the NCL line, the following

CSL

NCLe

lnp

A

G

DCL

B

C

D

E

F

H

Fig. 5. The variation law of pore ratio under the load of equal p stress
path that corresponds to different initial states.

Fig. 4. The yield surface that corresponds to different values of χ.
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is obtained:

χ = 1 −
1

exp (ln 2) − 1
= 0 (14)

When Eq. (10) is true, the shape of yield surface is an ellipse.
When e0 is above NCL line, the following expression can be

obtained:

Δe > (λ − κ) ln 2 (15)

Combining Eqs. (14) and (15), the following expression that
corresponds to an initial underconsolidated state can be obtained:

0 < χ = 1 −
1

exp
Δe
λ − κ

( )
− 1

< 1 (16)

Therefore, the values of the parameter χ can be determined ac-
cording to the ratio of the initial void ratio to the void ratio under
the same mean stress on the NCL

χ =
1 −

1

exp
e0 − Γ + λ ln p0

λ − κ

( )
− 1

e0 > en

0 e0 ≤ en

⎧⎪⎪⎨
⎪⎪⎩

(17)

Dilatancy Equation

From Eq. (4), it is known that the dilatancy equation can be ex-
pressed as follows:

dεpv
dεpd

=
M2

c − η2

2η
(18)

Therefore, the expression ofMc can be determined by R0, which
can be expressed by the following equation:

Mc =MRR0 (19)

where R0= the initial value of R.
Mf can be expressed as follows:

Mf = 6
�����������
kp(1 + kp)

√
− kp

( )
(20)

kp =
M 2

12(3 −M )R
(21)

Eqs. (20) and (21) can be used to calculateMf. The Hvorslev line
is a common index to measure the undrained shear strength of OC
clay. Traditionally, the Hvorslev line is used as the envelope of the
undrained shear strength of clay and the boundary of the physical
state of the superconsolidated clay in the p-q space. For the
heavy OC soil, the traditional method is to use the zero tensile
stress line as the boundary line. The above double broken lines
were used as the reference strength envelope to calculate Mf. How-
ever, the adoption of a zero tensile stress line will result in the in-
herent defect that η is >3, and the intersection point between the
two broken lines will cause singularity. The UH model (Yao
et al. 2012) uses parabola to replace the Hvorslev strength envelope
of the previous double fold line, which solves the two basic prob-
lems inherent in the previous double fold line. Eqs. (20) and (21)
are used to calculate Mf by using parabola as the strength envelope
of the Hvorslev line. It effectively described the phenomenon that
the η of heavily OC soil increased with the increase of the degree of
overconsolidation. The law of dilatancy increased and the rule that

the Mc decreased with the increase of the degree of overconsolida-
tion proposed in this study could be reflected.

In Eq. (20), kp is a temporary variable. Then, R can be expressed
as follows:

R =
p 1 +

(η/M )2

1 − χ(η/M )2

[ ]

�p0 exp (ε
p
v/cp)

(22)

For unconsolidated soils, the initial void ratio is always greater
than the void ratio at the same mean stress due to the failure of the
normal consolidation process of NCL.

As shown in Fig. 6, for the OC clay, when the stress state point
goes along the NCL line compressed to point C and then is un-
loaded to point D, the current overconsolidation ratio (OCR)=
1/R= pC/pD, R= pD/pC. But, for the UC clay, when the initial
state is on point A, the preconsolidation pressure can not be
found on the NCL, by considering the e-lnp space, a loosest consol-
idation line exists (LCL) for the initial state of eA, pA, the precon-
solidation pressure pB can always be found on the LCL through the
swelling line. Due to the failure of consolidation, the parameter R
can be expressed as R= pA/pB. The LCL can be expressed as

e = T − α ln p (23)

where T= the slope of the LCL in e-ln p space. For the definition of
Mc, it can be redefined as

Mc =
M e0 > en

MRm e0 ≤ en

{
(24)

The relationship between parameter m and Mc is shown in
Fig. 7.

Model Constitutive Equation

The incremental elastoplastic constitutive relation was used in this
model, the total strain increment can be divided into two parts: elas-
tic strain increment and plastic strain increment, the relationship be-
tween these two parts can be expressed as follows:

dεij = dεeij + dεpij (25)

The elastic strain increment can be obtained by the generalized
Hooke’s law

dεeij =
1 + ν

E
dσij −

ν

E
dσmmδij (26)

where E= the modulus of elasticity; and ν=Poisson’s ratio.

lnp

e

NCL

CSL

LCL

A B

D
C

SL

SL

Fig. 6. The overconsolidation R determined by the swelling line at dif-
ferent initial states.
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E can be expressed as

E =
3(1 − 2ν)(1 + e0)p

κ
(27)

The increment plastic strain can be obtained by the consistency
law

dεpij = Λ
∂g
∂σij

(28)

where Λ= the plastic factor. It can be deduced by the consistent
condition of yield surface equation.

Fig. 8 shows the stress–strain relationship of a typical OC soil
and the evolution law of strength parameters. When the initial
state is OCR= 8 and under the conventional triaxial compression
condition, with the increase of deviatoric strain, the stress ratio
shows the phenomenon of strain hardening and strain softening.
At the same time, the shrinkage occurred first and then dilatancy
was observed. The parameter R increased gradually from the initial
value from 0.125 to 1, when the deviatoric strain reached 20%,
which showed that the degree of OC decreased gradually with
the loading process. The Mc increased gradually from the initial

value that was slightly >1, and when it intersected η, the conversion
point of shear shrinkage and dilatancy appeared. When η was >Mc

it will always be in the dilatancy state, the potential strength (Mf )
gradually decays with loading. After the intersection with η, which
was greater than the value of Mf, this will result in the hardening
parameter increment dH< 0, the plastic modulus in a state of
decay, which caused η to decreases gradually and the formation
of strain softening.

When the initial value R0= 10, η began to increase, approaching
M,Mf increased gradually from the initial value, which was slightly
>0.5, meanwhile,Mc was always equal toM. For the hardening pa-
rameter, due toMf<Mc, this resulted in the coefficient of hardening
parameterΩ = (M 4

f − η4)/(M4
c − η4) < 1, which caused the volume

change, where the plastic volume strain is greater than that for
OCR= 1. The volume change of R0= 10, as shown in Fig. 9 is sig-
nificantly larger than that for R0= 1.

Evolution curves that correspond to three initial values of R dur-
ing loading are shown in Fig. 10. The value of deviatoric strain
gradually reached 20%, and the different initial values of R ap-
proached 1 at this point. For example, when the values of R0

were 10, 1, and 0.125, respectively, the values of R tended to ap-
proach 1 during the loading process.
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Fig. 8. Evolution law of strength parameter with deviatoric strain at
OCR= 8.
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Fig. 9. Evolution rule of strength parameter with deviatoric strain at
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Fig. 10. Evolution rule of R with deviatoric strain at different initial
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Parameter Calibration

Calibration of Mc

From Eq. (22), Mc is always the function of parameter R. At the
transition point from volume shrinkage to expansion, the value of
R is different from the initial value R0. The value of R that corre-
sponds to transition changes from R0 to one during the loading pro-
cess, it was assumed that R was relevant to the initial value of R0 at
the point of phase transformation. The relationship can be ex-
pressed as follows:

Rm = hRm
0 (29)

The parameters m and h can be obtained by calibrating the test
data. Therefore, the value of h is >1.

Combining Eq. (23) with Eq. (28), the following equation can
be obtained:

ln
Mc

M
= m lnR0 + ln h (30)

The discrete point shown in Fig. 11 is η at the transition point
that is obtained from triaxial compression test carried out on
Nakai on Fujinomori clay. For the different initial overconsolida-
tion degree, OCR was selected as 2, 4, 8, the linearization relation-
ship between η and R0 with logarithmic transformation was
established. The straight line fitted by the graph shows that the
value of m= 2.

Calibration of Intercept and Slope for the LCL

From Eq. (19), there is an LCL in the e-ln p space, because the sam-
ple during the consolidation process always shows a certain degree
of consolidation, it is difficult to reach the ideal loosest state; there-
fore, an asymptote in the isotropic compression line family can be
used as the LCL.

There will always be a certain degree of cementation for natural
clay during the deposition process, which means that the clay pos-
sesses a natural structure. For the isotropic compression line, it nor-
mally presents two typical curve modes that are first straight, then
declined rapidly. The NCL shown in Fig. 10 is the normal compres-
sion line for consolidated remolded clay, the CSL is shown, and
structure normal compression line (SNCL) is the compression
line with a certain structure. In general, due to the characteristics
of the platform for the SNCL, the SNCL can be presented by

two linear asymptotes. Therefore, all the lines with certain struc-
tural characteristic can be presented by the previous two linear as-
ymptotes. The LCL can be presented by the linear asymptote of the
second phase that is indicated by the dashed line shown in Fig. 10.

Calibration Rest of Parameters

As shown Fig. 12 there are lines to obtain some of the parameters.
For the rest of the parameters, because it was based on the UH
model for OC clay, the rest of the parameters were identical to
those in the MCC model. M, ν, the slope of compression line (λ),
and the slope of swelling (κ), were determined by triaxial compres-
sion and oedometer tests.

Model Validation

To verify the applicability and rationality of the modified model, a
series test results from clay were used to verify the predictive per-
formance of the model. The values of the parameters for four types
of clays are displayed in Table 1. The discrete points shown in
Figs. 13 and 14 are the test results for Boston blue clay under un-
drained triaxial compression conditions by Pestana and Whittle
(1999). The overconsolidation degree was 1, 2, 4, and 8, respec-
tively. The preconsolidation pressure was used as the normalized
mean stress. Fig. 11 shows that for the consolidated clay, the pre-
dicted shear modulus agreed with the test results, but the predicted
ultimate strength values overestimated the actual results. Due to
some OC degree, the value of χ equals 0.15 when OCR= 1.
When OCR= 4 and 8, the predicted shear modulus was slightly
lower than the actual results, the ultimate stress ratio strength
value predicted was consistent with that of the test. From the effec-
tive stress path shown in Fig. 14, the volume shrinkage for the

lnp

e

CSL

NCL

LCLSNCL

Fig. 12. Calibration of LCL for clay under isotropic compression load-
ing conditions.

Table 1. Parameters of material

Parameter
Boston blue

clay
Kaolin
clay

Black kaolinite
clay

Fujinomori
clay

M 1.15 1.04 0.82 1.36
λ 0.09 0.34 0.085 0.09
κ 0.02 0.058 0.024 0.02
ν 0.3 0.3 0.3 0.3
m 0.2 0.2 0.2 2
T 1.5 1.5 1.5 1.5
α 0.11 0.11 0.11 0.11
e0 1.01 0.95 1.29 0.83
p0(kPa) 300 200 161 98

-2.0 -1.5 -1.0 -0.5 0.0
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lnM
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/M=2lnR
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Fig. 11. Calibration of the value of Mc according to R0 which is the
initial value of R.
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measured value for NC clay was larger and softer than that of the
predicted value. Comparison was shown when the OC degree
was 4, 8, the shear dilatancy was overestimated, meanwhile, the
stress strength ratio was the same. For the shear contraction,
which appeared during the final stage when the OC degree= 2,
which is different from the predicted result for dilatancy, it was
considered that the structural behavior of clay affected the dilatancy
by preliminary analysis. As shown in Fig. 13, the test data for
OCR= 2 was neglected. The experiment with OCR= 2 had some
technical difficulties and the stress–strain response was not consid-
ered reliable. Based on the clay sample with a smaller OCR, there
were usually some structural effects in saturated clay, especially in
light and OC clay. The influence of the structure on deformation re-
sulted in a larger volumetric strain and a higher strength η than that of
remolded clay under shear loading. This will interfere with the law of
the influence of the degree of overconsolidation on the volume–
strain to intensity–stress ratio. Therefore, through the analysis, it
was concluded that there was a natural structural influence problem.

The discrete points shown in Figs. 15 and 16 are the results of
the triaxial undrained shear test for Kaolin clay carried out by

Stipho (1978), and the fine line was used to predict the results of
the modified model. Different initial consolidation states for OC de-
gree were 1, 1.2, 2, 5, 8, and 12. As shown in Fig. 15, in the two
cases of OCR= 1 and 1.2, the predicted values overestimated the
experimental results. Due to some OC degree, the value of χ=
0.1 when OCR= 1. Compared with the actual loading path, the ex-
perimental results show greater shrinkage characteristics and were
softer than the predicted value. When OCR= 2, 5, 8, and 12, the
stress ratio curves, and stress paths were consistent with the exper-
imental results. This shows that under the lower OCR, the cemen-
tation characteristics of soil samples always had a negligible effect
on dilatancy. The direct performance was the greater volume com-
pression characteristics and greater positive pore pressure.

The discrete points shown in Figs. 17 and 18 are the test results
of conventional drained triaxial compression on the Black kaolinite
clay by Zervoyanis (1982), the curve is the predicted result of the
model. Compared with the results with an OC degree of 1, 2, 4,
and 8, this shows that during the NC clay shear process, the volume
shrinkage was larger than the predicted value, meanwhile, the shear
modulus was smaller than the predicted value. When OCR= 2, 4,

Fig. 13. Comparison of predicted and test results between η and axial
strain for Boston blue clay.

Fig. 14. Comparison of predicted and test results for effective stress
path of Boston blue clay.

Fig. 15. Comparison of predicted and test results between η and axial
strain for Kaolin clay.

Fig. 16. Comparison of predicted and test results for effective stress
paths for Kaolin clay.
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and 8, both the deviatoric stress and the void ratio predicted values
were in good agreement with the experimental results. The material
softening phenomenon shown during the loading process for devia-
toric stress could be reflected by the modified model. In addition,
the void ratio decreased first and then increased, which shows
that the modified model could reflect the deformation characteris-
tics of dilatancy after shrinkage.

The discrete points shown in Figs. 19 and 20 are the results of
triaxial compression and triaxial extension tests under the drained
P path on Fujinomori clay carried out by Nakai and Hinokio
(2004). The mean stress for OCR= 8 was controlled at 98 kPa,
and for the remaining OCR samples, the mean stress was controlled
at 196 kPa. By comparing triaxial compression, predictive stress
ratio was consistent with the measured values, the coordinate
value of volume change result could be presented by the coordinate
on the right. This shows that with the increase of OCR, soil shear
shrinkage decreased, the dilatancy amount increased gradually,
and with the increase of OCR, η decreased at the occurrence of
the corresponding expansion. As shown in Fig. 19, except for the
stress ratio strength value OCR= 8 was smaller than that of
the measured value, the other stresses predicted agreed with the

measured values. The characteristics of dilatancy after shrinkage
and Mc that reduced with the increase of OCR could be reflected
by the proposed model. As shown in Figs. 19 and 20, under the
same OCR, the predicted value of η that corresponds to the triaxial
compression was greater than that of triaxial extension for the same
axial strain. This means that the transformed stress method could
effectively be adopted to influence the stress of Lode’s angle for
critical state strength characteristics.

One of the phenomena shown in Figs. 19 and 20 is strain soft-
ening. However, during the process of loading, strain localization
occurs, and strain localization leads to strain softening of macro-
scopic phenomena. The experimental results shown in Figs. 19
and 20 were aimed at the soil unit to strictly eliminate the formation
of the strain localization, which meant that only the mechanical
properties of the unit, not the strain softening caused by the strain
localization, was induced by this structural damage.

Due to the influence of many factors during the experimental
loading process, for example, the clay sample could not form an
ideal uniform continuous unit during the preparation process, and
some local shear bands were formed during the shear loading pro-
cess, which resulted in the strain localization problem. In addition,
there was a structural influence in the clay sample, and the presence
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Fig. 17. Comparison of predicted and test results between η and axial
strain for Black kaolinite clay.
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Fig. 18. Comparison of predicted and test results for void ratio change
process for Black kaolinite clay.

Fig. 19. Comparison of predicted and test results for triaxial compres-
sion for Fujinomori clay.

0 5 10 15 20 25
-0.5

0.0

0.5

1.0

1.5

v
(%)

 OCR=1 test data   OCR=1 simulation

 OCR=2 test data   OCR=2 simulation

 OCR=4 test data   OCR=4 simulation

 OCR=8 test data   OCR=8 simulation

d
(%)

-0.5

0.0

0.5

1.0

1.5

2.0

Fig. 20. Comparison of predicted and test results for triaxial extension
for Fujinomori clay.
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of clay structure increased the probability of strain localization. The
strain localization reduced the final η strength value, and the pre-
dicted value was slightly higher than the experimental η strength
value. Although the modified UH model proposed in this study
could simply and reasonably consider the nature of the influence
of the degree of overconsolidation on the law of dilatation deforma-
tion, it means that the law of the influence of the degree of overcon-
solidation on the strength of the disguised ηwas reasonably reflected.
The modified UH model proposed in this study was used to describe
the effect of the stress ratio degree of overconsolidation on the defor-
mation and η strength in a detailed and rigorous manner. However,
the modified model proposed in this study has some limitations, for
example, natural clay often has a certain degree of structural and
creep properties. However, the influence of the proposed modified
UH model on the stress–strain relationship between the structure
and creep properties of natural clay could not be reasonably consid-
ered. In addition, this is the direction of future research to improve
the model of the modified model proposed in this study.

Conclusion

Since the UH model could not reflect the decrease characteristics of
phase transformation stress decrease with increasing OCR or the
larger volume compression characteristics for UC clay, the modi-
fied model was proposed based on the UH model. The nonassoci-
ated flow rule was adopted, because it could modify the yield
surface equation using the state parameter that reflected the under-
consolidation state, and it reflected the Mc of OC soil’s plastic po-
tential surface, a power function was used to modify the strength
parameter, which could satisfy the change rule for the conversion
point η of shear shrinkage to dilatancy. It could be adopted to cal-
culate the amount of shear shrinkage and dilatancy compression
more easily. According to the comparison of prediction and test re-
sults, the following conclusions were obtained:
1. The modified model was applied to extend the applicability of

the OC soil UH model, which extended the state of NC soil
and OC soil to the state of UC soil. The state parameters intro-
duced in the model could reflect the larger volume compression
characteristics of the UC soil more simply and reasonably.

2. Using a power function of R to modify theMc, which introduced
this Mc into the plastic potential surface equation and the hard-
ening parameter, which could be effectively adopted to simulate
the η transition point from shear shrinkage to dilatancy. It was
more reasonable to estimate both the process and the result of
the volume strain.

3. Transformation stress could be used as a simple and direct way
to extend the modified model to a general model, and it could be
effectively adopted to simulate the stress–strain relationship for
the soil element under the 3D stress loading path. By comparing
a series of predicted and test results for clay, it confirmed that
the model was simple and effective to simulate the general
stress–strain relationship for the UC and OC soil.
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