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A B S T R A C T   

The industrial chimney is one of the important components used in industrial processes. The tuned mass damper 
was introduced in previous studies to improve its reliability for resisting earthquakes. However, a large addi-
tional mass is generally required for applying a tuned mass damper in a chimney, which may be inappropriate 
owing to the additional moment action. In this study, the tuned mass inerter system (TMIS) is adopted as an 
ungrounded lightweight passive control device for the seismic response mitigation of high-rise chimneys. The 
ungrounded TMIS consists of a tuned mass element and a parallel-connected tuning spring and inerter subsystem. 
Considering that the influence of high modes on the responses of a high-rise chimney may not be neglected, 
distributed TMISs (d-TMISs) are proposed for installation on the chimney for multimode control of seismic 
response. A strategy to optimize d-TMISs for multimode control of high-rise chimneys is developed. A typical 
numerical chimney model is established to illustrate the proposed optimal design method. Time history analysis 
and comparative studies are conducted to verify the optimal multimode control design and the lightweight effect 
of d-TMISs compared to the traditional tuned mass dampers. The results show that by applying the proposed 
optimization in d-TMISs, the performance objectives can be achieved and the chimney’s responses involving the 
high-order modes can be reduced as anticipated. The required weight of d-TMISs is less than that for tuned mass 
dampers under an identical performance objective. It is observed that the proposed optimal multimode control 
method is effective and that d-TMISs can achieve the lightweight effect.   

1. Introduction 

Industrial chimneys are tall and slender structures that are used for 
discharging the flue gases generated by entities including the electrical 
and petrochemical industries [1,2]. From the perspective of structural 
characteristics, typical high-rise chimneys (whose heights range from 
100 m to 420 m [3]) are considered to be vulnerable under horizontal 
loads (earthquake and wind excitations) [4–8]. On August 17, 1999, a 
115 m reinforced concrete (RC) chimney collapsed under the Marmara 
earthquake [9]. During the 2007 Niigata-ken Chuetsu-oki earthquake, a 
RC chimney was structurally damaged owing to the influence of a long- 
period earthquake, according to the analytical results [10]. Because 
chimneys are an important part of industrial processes, damage to these 
during earthquakes can cause severe consequences in terms of both 
economic loss and threat to human life. 

Various methods or devices are adopted to design or retrofit chim-
neys and thereby enhance the safety redundancy of these high-rise 
structures. Wilson [11] presented a nonlinear dynamic analysis pro-
cedure for RC chimneys, based on experimental results. Furthermore, 
they recommended the development of ductility to dissipate seismic 
energy and prevent brittle failure of chimneys. However, the excessive 
development of structural nonlinear behavior may damage the primary 
structure, which is not convenient to repair. To resolve this problem, 
passive control devices are mounted on chimneys to mitigate their vi-
bration responses. Brownjohn et al. [12] reported the effectiveness of 
the tuned mass damper (TMD) for vibration control of a 183 m chimney 
according to the response data of a real-time performance monitoring 
system. Using finite element analysis, Longarini and Zucca [13] 
demonstrated that the seismic performance of an existing chimney can 
be improved effectively by installing TMD. High modes may exert an 
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appreciable influence on the dynamic responses of high-rise chimneys 
under seismic excitations [11,14,15]. Elias et al. [3,16] conducted 
multimode control using distributed TMDs mounted along the height of 
an RC chimney, to obtain better dynamic response mitigation compared 
with that obtained by a single mode control. However, the application of 
traditional TMD generally requires the determination of a certain mass 
ratio (e.g., from 1% to 5%) of the total mass of the primary structure 
[17,18], which may be relatively large for high-rise chimneys consid-
ering the additional moment action, particularly for the retrofitting 
scenario. 

Recently, the inerter was introduced and demonstrated to be effec-
tive for structural vibration control [19–21]. It exhibits an apparent 
mass effect through the transformation of motion with a small gravita-
tional mass. The applications of inerters have been of interest to scholars 
for different types of civil structures such as multistory buildings 
[22–28], storage tanks [29–31], wind turbine towers [32,33] and 
bridges [34]. The inerter can be considered as a two-terminal inertia 
element whose reaction force is proportional to the relative acceleration 
of its two ends [35]. The utilization of a two-terminal inertia element 
can be traced back to the 1970 s, when Kawamata [36,37] proposed a 
mass pump to utilize the inertance of a fluid based on the hydraulic 
mechanism. Saito et al. [38] and Ikago et al. [21,39] proposed the tuned 
viscous mass damper (TVMD) by employing the ball screw mechanism 
to transform linear motion into a rapid rotation of a flywheel and by 
incorporating tuning spring and viscous damping. In addition, they 
experimentally demonstrated the effectiveness of the TVMD in struc-
tural response mitigation, and presented the apparent mass and damp-
ing enhancement effects of the TVMD for the first time. The TVMD can 
be considered as an inerter system. A few scholars recommend the 
application of the well-known fixed-point theory for designing an inerter 
system [21,40]. However, the inherent damping of the primary structure 
is omitted in this technology. Pan et al. [19] proposed a demand- 
oriented design method for a structure with a TVMD. Hereby, they 
considered the inherent damping coefficient of the primary structures 
and the trade-off between the structural responses and cost. The theo-
retical essence of damping enhancement mechanism of inerter systems 
is not clear in previous studies. Zhang et al. [41] discovered and proved 
the damping enhancement equation of inerter systems, and revealed the 
theoretical essence of inerter systems. To directly use the damping 
enhancement mechanism of inerter systems, a design method based on 
the damping enhancement equation is also proposed by them. Inspired 
by the characteristics of inerters with improved performance, inerter- 
based systems composed of different topology layouts have been pro-
posed and researched for civil structures. As a variant of TVMD, tuned 
inerter damper was presented by Lazar et al. [42] for suppressing 
structural vibration responses by connecting the inerter element in se-
ries with a parallel-connected spring and damping element. Pan and 
Zhang [35] derived the closed-form expressions of the root mean square 
(RMS) responses of an SDOF model incorporating the typical inerter 
systems with different mechanical layouts under stochastic excitations. 
In addition, they proposed the corresponding direct design method. The 
structural vibration control effects for the inerter-based systems with 
different layouts were also analyzed under optimized objectives by Xue 
et al. [43], Zhao et al. [44], Krenk [45], and Javidialesaadi and Wier-
schem [46]. 

By substituting the damping element of the TMD with a TVMD, 
Garrido et al. [47] suggested the rotational inertia double-tuned massed 
damper (RIDTMD) for vibration control of civil engineering structures. 
The RIDTMD is demonstrated to be more efficient than the TMD for an 

identical mass ratio, particularly near the resonance frequency. Zhang 
and his coworkers [32,48] proposed several ungrounded tuned mass 
inerter systems (TMISs) with the objective of lightweight tuning mass, 
including the tuned inerter mass system (TIMS) for suppressing the vi-
bration of floors under human-induced excitation and tuned parallel 
inerter mass system (TPMIS) for reducing the responses of wind turbine 
towers. By connecting the inerter with TMD, De Domenico and Ricciardi 
[49] proposed the grounded tuned mass damper inerter (TMDI) used in 
isolation system with a better robustness. In addition, the tuned liquid 
inerter system (TLIS) are proposed by Zhao et al. [50] for mitigating 
oscillatory motion. Although many studies have been conducted on the 
application of inerter-based passive control devices in structures, further 
study is required to investigate the effectiveness of these devices in high- 
rise structures, such as tall and slender chimneys. The utilization of 
lightweight devices can be favorable for their convenient installation 
and for the reduction of additional moment action of chimneys. As a 
tower-type structure similar to a chimney, the slender wind turbine 
tower has been investigated using TPMIS with the objective of attaining 
a lightweight effect [32]. However, only the first mode is controlled with 
a TPMIS installed at the top of the wind turbine tower. The vibration 
suppression of high-rise chimneys under seismic excitation may involve 
a multimode control approach. Several vibration control devices may be 
required for multimode control of the seismic response of a chimney. 
The corresponding design method needs to be developed considering the 
performance demand, which requires further research. 

In this study, a lightweight vibration mitigation device, the 
ungrounded TMIS, is adopted for mitigating the seismic response of a 
high-rise chimney. The TMIS is composed of a tuned mass element and a 
parallel-connected tuning spring and inerter subsystem. The high-rise 
chimney equipped with distributed TMISs (d-TMISs) is investigated for 
multimode control of seismic response. This is conducted considering 
that the influence of high modes may play an important role in the 
seismic responses of the chimneys. A multimode optimization control 
method based on demand-based seismic design is proposed for the high- 
rise chimney with d-TMISs. A typical RC chimney model is established to 
illustrate the proposed optimal design method. Time history analysis 
and comparative studies are conducted to verify the effectiveness of the 
proposed design and the lightweight effect of d-TMISs compared to the 
traditional distributed TMDs (d-TMDs). In addition, parametric studies 
are performed on the d-TMISs used for multimode control of the seismic 
responses of the chimneys. 

The paper is structured as follows: Section 2 describes the mechan-
ical model of ungrounded TMIS and the RC chimney with d-TMIS. It also 
presents the calculation of the corresponding stochastic responses. 
Section 3 presents the determination of the location of the d-TMISs used 
for multimode control of the chimney and the simplification of certain 
parameters of d-TMISs. Then, the optimal strategy for multimode 

Fig. 1. Model of the TMIS.  
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control of the seismic response of the chimney using d-TMISs and the 
corresponding design steps are proposed. Section 4 presents a case study 
on the proposed optimal multimode control of the chimney using d- 
TMISs and presents the lightweight effect of d-TMISs compared to 
traditional d-TMDs. Section 5 presents parametric studies. The conclu-
sions are presented in Section 6. The main subject of the study is the 
lightweight effect of d-TMISs and their multimode control effect on 
high-rise chimneys when the proposed optimal multimode control 
strategy is adopted. 

2. Modeling and basic theory 

2.1. TMIS 

A schematic representation of the ungrounded TMIS is depicted in 
Fig. 1, which was reported in [32,47] for structural vibration control. 
The TMIS is developed by replacing the damping element of a traditional 
TMD with a TVMD [35], as shown in Fig. 1. In the TVMD, the inerter and 
damping elements are connected in parallel, and then they are together 
connected to the spring element in series. The inerter element in this 
inerter subsystem provides the mass enhancement and facilitates the 
lightweight effect of the TMIS compared with the traditional TMD [48]. 
Additionally, unlike the damping element used in the TMD for energy 
dissipation, the TVMD in the TMIS can both absorb and dissipate the 
external input energy, and a more sufficient energy dissipation effect can 
be achieved [32]. Hence, the additional ungrounded TMIS in the 
structure is expected to obviously improve the structural performance 
with a lightweight device [47]. The definitions of main symbols adopted 
in this study are presented in Table A1 of Appendix A. 

In the TMIS shown in Fig. 1, the parameters kt and ks are the stiff-
nesses of the tuning spring and the spring element in the TVMD, 
respectively; cd is the damping coefficient; mt denotes the tuned mass; 
and min is referred to as the inertance of the inerter element. The dis-
placements of the tuned mass, the end of the spring and the installation 
node of the TMIS are denoted as xt, xs and x0, respectively. For the two- 
terminal inerter element in the TMIS, the output force Fin, which is 
proportional to the relative acceleration of its two nodes, can be 

calculated as 

Fin = min

(

ẍt − ẍs

)

(1) 

In the TMIS, the force Fs of the inerter subsystem can be expressed as 

Fs = min

(

ẍt − ẍs

)

+ c
(

ẋt − ẋs

)

= ks(xs − x0) (2) 

The total output force Ft of the TMIS can be calculated as 

Ft = Fs + kt(xt − x0) = − mtẍt (3)  

2.2. Mechanical model of a high-rise chimney with distributed TMISs 

The typical high-rise chimney (Fig. 2a) [3] is checked herein for 
seismic response mitigation using the TMIS. An assemblage of two- 
dimensional (2D) beam elements with sway degrees of freedom (DOF) 
at each node is adopted to simulate the chimney, as shown in Fig. 2b. To 
reasonably simplify the calculation, the rotational DOF θk is condensed 
to build the matrices of the chimney model, and each of the beam ele-
ments is assumed to have the same cross-section throughout its height. 
For the uncontrolled chimney, the governing equations of motion under 
the ground motion excitations can be written as 

Mpẍ+Cpẋ+Kpx = − Mpιpẍg (4)  

where Mp, Cp, and Kp are the condensed mass, damping and stiffness 
matrices of the uncontrolled chimney, respectively; x =
{

x1 x2 ⋯ x N
}T, ẋ and ẍ are the vectors of the nodal displacement, 

velocity and acceleration of the uncontrolled chimney relative to the 
ground; ιp = {1 1 ⋯ 1 }

T is the influence coefficient vector; and ẍg 

represents the acceleration of the ground motion. The condensed mass 
matrix Mp is obtained by simply removing the inertial masses with 
respect to the rotation at each node of the chimney model. The stiffness 
matrix Kp is built with the static condensation of rotational DOF. These 
two matrices can be expressed as follows: 

Fig. 2. Models of chimney: (a) uncontrolled model; (b) lumped mass model; (c) chimney with a single TMIS; (d) chimney with distributed TMISs.  
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Mp =

⎡

⎢
⎢
⎢
⎢
⎣

m1
⋱

mk
⋱

mN

⎤

⎥
⎥
⎥
⎥
⎦

N×N

(5)  

K∗
p =

[
KT KTθ
KθT Kθ

]

→Kp = KT − KTθK− 1
θ KθT (6)  

where mk denotes the lumped mass at the kth node of the chimney model; 
KT and Kθ are the stiffness matrices with respect to the translational 
displacement and rotation, respectively. In this study, the damping 
matrix Cp of the chimney is calculated by assuming the uniform 
damping ratio for all modes. 

To mitigate the seismic response of the high-rise chimney, the TMIS 
is adopted in this study as a lightweight device. A single TMIS (s-TMIS) 
mounted on top of the chimney (Fig. 2c) can be suitable to control the 
structural response, which is mainly attribute to the first vibration mode. 
However, for the high-rise chimney, the contribution of high vibration 
modes to the structural response may not be neglected [14,15]. Hence, 
the distributed TMISs (d-TMISs) are adopted to reduce the responses in 
the first few modes of the chimney, as shown in Fig. 2d. Note that no 
more than one TMIS is installed on a node and that one TMIS is just 
adopted for a specified modal control of the chimney. That is, the ith 

TMIS is adopted to control the ith mode of the chimney. The locations of 
the d-TMISs are determined by the mode shape, which is introduced in 
Section 3. According to the dynamic equilibrium approach, the equa-
tions of motion of the chimney with d-TMISs under seismic excitations 
can be written as follows: 

MẌ +CẊ +KX = − Mgιẍg (7)  

where M, C, K and Mg are the mass, damping, and stiffness matrices of 
the chimney with d-TMISs and the mass matrix corresponding to the 
ground motions, respectively; X, Ẋ and Ẍ are the vectors of the 
displacement, velocity and acceleration of the chimney with d-TMISs, 
respectively; ι is the influence coefficient vector of the chimney with d- 
TMISs. Let xs,i and xt,i represent the displacement of the end of the spring 
and the tuned mass relative to the ground in the ith TMIS installed on the 
chimney; the matrices and vectors in Eq. (7) can be written as follows: 

M=

[
Mp 0
0 MI

]

(N+2n)×(N+2n)
,whereMI=

⎡

⎢
⎢
⎢
⎢
⎣

min,1+mt,1 − min,1 ⋯ 0 0
− min,1 min,1 ⋮ ⋮

⋮ ⋱
0 ⋯ min,n+mt,n − min,n
0 ⋯ − min,n min,n

⎤

⎥
⎥
⎥
⎥
⎦

2n×2n

(8)   

C =

[
Cp 0
0 Cd

]

(N+2n)×(N+2n)
,where Cd =

⎡

⎢
⎢
⎢
⎢
⎣

cd,1 − cd,1 ⋯ 0 0
− cd,1 cd,1 ⋮ ⋮

⋮ ⋱
0 ⋯ cd,n − cd,n
0 ⋯ − cd,n cd,n

⎤

⎥
⎥
⎥
⎥
⎦

2n×2n

(9)  

K =

[Kp + KI11 KI12

KI21 KI22

]

(N+2n)×(N+2n)
,where

KI11 = [ χ 1 ⋯ χ n ]N×n

⎡

⎢
⎣

kt,1 + ks,1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ kt,n + ks,n

⎤

⎥
⎦

n×n

⎡

⎢
⎣

χ 1

⋮
χ n

⎤

⎥
⎦

n×N

;

KI12 = [ χ 1 χ 1 ⋯ χ n χ n ]N×2n

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

− kt,1 ⋯ 0
− ks,1

⋮ ⋱ ⋮
− kt,n

0 ⋯ − ks,n

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

2n×2n

;

KI21 = KT
I12;KI22 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

kt,1 ⋯ 0
ks,1

⋮ ⋱ ⋮
kt,n

0 ⋯ ks,n

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

2n×2n

(10)  

Mg =

[
Mp 0
0 MT

]

(N+2n)×(N+2n)
,where MT

=

⎡

⎢
⎢
⎢
⎢
⎣

mt,1 0 ⋯ 0 0
0 0 ⋮ ⋮
⋮ ⋱
0 ⋯ mt,n 0
0 ⋯ 0 0

⎤

⎥
⎥
⎥
⎥
⎦

2n×2n

(11)  

X = { x1 x2 ⋯ xN xt,1 xs,1 ⋯ xt,i xs,i ⋯ xt,n xs,n }
T (12)  

ι =
{

ιT
p 1 0 ⋯ 1 0 ⋯ 1 0

}T (13) 

For the description of K in Eq. (10), χ i is the column vector repre-
senting the location of the ith TMIS, which is defined as the vector of 
zeros with its kth entry being one which specifies the node that the ith 

TMIS is connected to in the chimney model, as shown in Fig. 2d. 

2.3. Calculation of stochastic responses 

The seismic design of civil structures usually needs to appropriately 
describe the stochastic characteristics of the seismic excitation. In this 
study, the high-rise RC chimney is exposed to earthquake excitations 
represented by stochastic processes. For the structural control, the 
ground motion ẍg is assumed as a zero-mean Gaussian white noise with a 
power spectral density (PSD) of S(Ω) = S0, where Ω is the frequency of 
the external excitation [35,51]. Consequently, the structural responses 
can also be Gaussian stochastic processes with zero-mean. To solve the 
structural response statistics under the stochastic excitation, a state- 
space representation is recommended. For the chimney with d-TMISs, 
the state-space description of Eq. (7) can be expressed as 

ẋs(t) = Asxs(t) + Esẍg(t)
zs(t) = Csxs(t)

(14)  

where xs =
[

XT ẊT
]T 

is referred to as the state vector with respect to 

the nodal displacements and velocities of the chimney with d-TMISs; 
zs(t) is the response variables vector, which involves the nodal dis-
placements of the primary chimney, the relative displacements of d- 
TMISs mounted on the chimney, and the absolute accelerations of the 
chimney with d-TMISs. In Eq. (14), the corresponding state-space 
matrices As, Es and Cs can be written as   

L. Zhang et al.                                                                                                                                                                                                                                   
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Under the zero-mean white noise excitation with the PSD equal to S0, 
the covariance matrix P of the state vector xs can be calculated by the 
solution of the following algebraic Lyapunov equation [52]: 

AsP+PAT
s + 2πS0EsET

s = 0 (16) 

For the output vector zs(t), which also represents the zero-mean 
Gaussian processes, the corresponding covariance matrix Kz can be 
expressed as follows: 

Kz = CsPCT
s (17) 

Then, the variance σ2
z,j for the jth output variable of the vector zs(t) is 

obtained by the jth diagonal entry of Kz, written as 

σ2
z,j = nT

j Kznj (18) 

where nj is the column vector of zeros with a replaced one in its jth 

element. 

3. Optimal control strategy 

3.1. Placement and parameters of d-TMISs 

For the application of d-TMISs, it is essential to determine the 
placement of d-TMISs and the parameters of each TMIS employed in the 
multimode control of the high-rise chimney. By performing the modal 
analysis, the placement for each of the TMISs in the application of 
multimode control is determined by at which the modal shape ampli-
tude is the largest or the larger of the specifying control mode of the 
uncontrolled chimney, i.e., the ith TMIS adopted for the ith mode control 
is placed at the node of the chimney model with the largest or larger 
modal shape amplitude of the ith mode. This is done to avoid a heavy 
additional mass placed in a single placement where the modal shape 
amplitudes may be the largest for different controlled modes. The larger 
modal shape amplitude for determining the location of d-TMISs is also 
recommended here for this situation. The implication for the determi-
nation of the placement of d-TMISs is further checked in the case study 
illustrated in Section 4. 

According to the configuration of the TMIS described above, five 
parameters must be obtained for the design of a TMIS. For convenience 
of expression, the parameters of the ith TMIS are defined in a dimen-
sionless form as follows: 

μt,i =
mt,i

Meq,i
, μin,i =

min,i

mt,i
, λs,i =

ωs,i

ωt,i
, λt,i =

ωt,i

ωi
, ξd,i =

cd,i

2
̅̅̅̅̅̅̅̅̅̅̅̅
mt,ikt,i

√ (19)  

where μt,i, μin,i, λs,i, λt,i, and ξd,i are the equivalent mass ratio, inertance to 
tuned mass ratio, corner frequency ratio in the ith TMIS, nominal natural 
frequency ratio, and nominal damping ratio for the ith TMIS, respec-
tively. Meq,i is the modal mass of the ith mode of the chimney and can be 
calculated as follows: 

Meq,i = φT
normal,iMpφnormal,i (20)  

where φnormal,i is the normalized ith modal vector and is calculated by 

modal analysis. The normalization of φnormal,i is established by setting its 
element with respect to the placement of the ith TMIS being one. 
ωs,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ks,i/min,i

√
and ωt,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
kt,i/mt,i

√
are the nominal circular fre-

quencies of the TVMD and ith TMIS, respectively. ωi is the ith natural 
frequency of the uncontrolled chimney. 

Assuming that the responses in the first n modes of the chimney are 
suppressed using d-TMISs, the number of parameters to be determined is 
5n. This can hinder the calculation for the optimal design of d-TMISs for 
high-rise chimneys. The extended fixed-point technique [40] is adopted 
in this study to simplify the optimization of d-TMISs. According to the 
derivation in [40], the extended fixed-point theory is determined with 
the single-degree-of-freedom (SDOF) structure. Hence, modal decom-
position is adopted in the multimode control of a multi-degree-of- 
freedom chimney. Herein, each of the modal responses can be regar-
ded as the response of an equivalent SDOF system. This aspect is re-
flected in the definition of the dimensionless parameter of the ith TMIS in 
Eq. (19). Using the extended fixed-point theory, the optimum parame-
ters μin,i, λs,i, and λt,i corresponding to the ith mode control can be con-
strained based on μt,i as follows: 

μin,i =
2μt,i

(
1 + 2μt,i

)2, λs,i = 1+ 2μt,i, λt,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

(
1 + μt,i

)(
1 + 2μt,i

)

√

(21) 

In addition, the distribution pattern of mt,i and ξi are assumed to be 
positively correlated with the attached nodal displacements of the un-
controlled chimney. Although this assumption for the parameter dis-
tribution pattern of d-TMISs may not be the most efficient solution, it 
can be simple and effective. Thus, mt,i and ξi can be calculated as 

mt,i = ψβ
i m̃t, ξd,i = ψβ

i ξ̃d (22)  

where m̃t and ξ̃d are the generalized mass and nominal damping ratio 
that are used to determine mt,i and ξd,i, respectively; β is the parameter 
correlation index. In general, it is recommended that structural control 
devices be installed at the positions (in structures) that display large 
responses to ensure their efficient utilization. Hence, the parameters of 
d-TMISs are set to have positive correlations with the nodal displace-
ments (β⩾1). This implies that a TMIS with larger parameter values can 
be mounted at the location on the chimney where the seismic responses 
are large. A trail calculation is recommended for determining β by 
considering both the demand of the tuned mass and multimode control 
effect of the d-TMISs.ψ i is the normalized nodal displacement of the 
chimney with respect to the nodal displacement and is expressed as 

ψi =
σz0,i

σz0,N
(23)  

where σz0,N and σz0,i are the root mean square (RMS) values of the dis-
placements of the topmost node and of the node attached to the ith TMIS, 
respectively, in the uncontrolled chimney. These can be calculated using 
the root square of the zero-mean variances as described in Subsection 
2.3. 

For a high-rise chimney using d-TMISs, a TMIS generally needs to be 
mounted at the topmost node to suppress the responses in the 

As =

[ 0(N+2n)×(N+2n) I(N+2n)

− M− 1K − M− 1C

]

2(N+2n)×2(N+2n)
,Es =

[ 0(N+2n)×1

− M - 1Mgι

]

2(N+2n)×1

Cs =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

⎡

⎣
I(N) 0N×2n

[ χ 1 0N×1 ⋯ χ n 0N×1 ]
T
N×2nI(2n)

⎤

⎥
⎦

(N+2n)×(N+2n)

0(N+2n)×(N+2n) − M− 1K − M− 1C

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

2(N+2n)×2(N+2n)

(15)   
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fundamental mode. Therefore, according to the assumed distribution 
pattern of mt,i and ξi above, the calculation of m̃t and ξ̃d can be consid-
ered to be equivalent to the calculation of mt,1 and ξd,1, respectively. 
Then, μt,i and ξd,i can be obtained as follows: 

μt,i =
ψβ

i m̃t

Meq,i
=

ψβ
i Meq,1

Meq,i
μt,1 =

ψβ
i Meq,1

Meq,i
μ̃t, ξd,i = ψβ

i ξd,1 = ψβ
i ξ̃d (24)  

where μ̃t is the generalized equivalent mass ratio and is equal to μt,1. 
Consequently, based on the above illustration, all the parameters of the 
additional d-TMISs can be obtained when μ̃t and ξ̃d are determined. 
These two parameters are calculated with the optimization proposed 

below. 

3.2. Optimization strategy 

The optimal multimode control strategy is introduced here for the 
chimney using d-TMISs to obtain the corresponding design parameters. 
The structural performances need to be quantified appropriately to 
obtain the optimal design parameters of the additional d-TMISs. For a 
high-rise RC chimney, the curvature at a particular section or the drift 
response (top displacement / chimney height) is generally recom-
mended for use as the performance index under seismic excitation 
[1,11]. Considering that the displacement of a chimney is closely 
correlated with its curvature and drift responses, the displacement 
response (rather than the acceleration response) is selected as the per-
formance index in the optimization of d-TMISs. For such a cantilever 
structure, the top displacement of the chimney determines the structural 
stresses. Hence, the top displacement response performance index γN is 
defined with respect to the uncontrolled chimney for evaluating the 

performance of the chimney with d-TMISs, as follows: 

γN
(
μt,i, μin,i, λs,i, λt,i, ξi

)
=

σz,N

σz0,N
(25)  

where σz,N is the RMS value of the displacements of the topmost node of 
the chimney with d-TMISs. 

In addition, considering the additional action of the tall and slender 
structure, a lighter mass of the added device is favorable for the struc-
tural performance. μ̃t is selected as the evaluation indicator for the 
chimney with d-TMISs because the total additional tuned mass 
mt,total =

∑n
i=1mt,i of d-TMISs is correlated with μ̃t based on the 

simplification mentioned above. As a tuned-type device, the stroke of 
the TMIS needs to be concerned considering its working space. Conse-
quently, the relative displacement Δd,i of the ith TMIS is selected as 
another control index for the application of d-TMISs in a high-rise RC 
chimney. 

With the context illustrated in Subsection 3.1, the determination of 
parameters in the d-TMISs’ optimization can be simplified as the 
calculation of μ̃t and ξ̃d. Therefore, the optimal multimode control 
design of a high-rise RC chimney can be described as a three-objective (i. 
e., γN, μt,1, and Δd,i) optimum problem with two design parameters (i.e., 
μt,1 and ξd,1). Based on the suggestions in [53], this optimum problem is 
transformed into a single-objective design (SOD) using the ε-constraint 
approach. In SOD, ̃μt is selected as a single objective, whereas γN and the 
relative displacement vector 

{
Δd,i

}
with respect to the relative 

displacement of each TMIS are constrained by the target top displace-
ment response performance index γN,lim and the target relative 
displacement vector 

{
Δd,i

}

lim. A safety redundancy coefficient α is set in 
the constraint condition of 

{
Δd,i

}
to realize flexible adjustment and 

consider the performance redundancy of the relative displacement of the 
d-TMISs. α (α⩽1) can be determined by considering the trade-off be-
tween the actual working space of the d-TMISs and the demand of μ̃t. 
Thus, the optimization of a high-rise RC chimney using d-TMISs can be 
formulated as follows:  

where μ̃t,min and ξ̃d,min represent the lower bounds of μ̃t and ξ̃d, respec-
tively, and μ̃t,max and ξ̃d,max represent their upper bounds. 

3.3. Design flowchart 

The following are the steps for the optimal multimode control design 
of the high-rise RC chimneys using d-TMISs according to the above 
illustration mentioned. A corresponding flowchart is depicted in Fig. 3. 

Step 1: Preanalysis of the uncontrolled chimney. Conduct modal anal-
ysis to obtain the structural frequencies and modal shapes, and calculate 
the response statistics of the uncontrolled chimney under excitation by a 
zero-mean Gaussian white noise. The fundamental information of the 
uncontrolled chimney (e.g., the natural frequencies ωi and mode masses 
Meq,i) can be recorded. 

Step 2: Determination of the structural modes (to be controlled), place-
ment, and parameter distribution pattern of d-TMISs, and the target perfor-
mances to be achieved through optimization. Select the target structural 

Fig. 3. Design flowchart of optimal multimode control of a chimney using 
d-TMISs. 

minimize

μ̃t ,ξ̃d μ̃tsubjected to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

γN

(

μ̃t, ξ̃d

)

⩽γN,lim
{

Δd,i
}

⩽α⋅
{

Δd,i
}

limμ̃t,min⩽μ̃t⩽μ̃t,maxξ̃d,min⩽ξ̃d⩽ξ̃d,max
(26)   
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modes to be controlled according to the modal mass participation factor 
Γi. Then, determine the placement of each TMIS based on the largest or 
larger amplitude of the structural mode shape. The distribution pattern 
of the parameters of the d-TMISs can be obtained using Eqs. (22) and 
(23) after the nodal response statistics of the uncontrolled chimney is 
calculated and the parameter correlation index β is determined by a trail 
calculation process. The target percentage of the total mass participation 
for determining the controlled modes of chimney can be 85%, based on 
[54,55]. The target top displacement response performance index γN,lim 

can be set based on the RMS value of the topmost node of the uncon-
trolled chimney under external excitations and the corresponding 
seismic demand. It is recommended that the target relative displacement 
vector 

{
Δd,i

}

lim for the d-TMISs do not exceed the relative displacements 
of the corresponding traditional d-TMDs. The traditional d-TMDs are 
located at the same nodes and composed of identical tuned masses, 
tuning springs, and damping elements as the corresponding d-TMISs. In 
addition, an appropriate safety redundancy coefficient α (α⩽1) is rec-
ommended for the constraint condition of 

{
Δd,i

}
considering the per-

formance redundancy. 
Step 3: Solution of the optimum problem for multimode control of the 

chimney with d-TMISs. Determine μ̃t and ξ̃d by solving the SOD problem 
formulated as Eq. (26). The sequential quadratic programming (SQP) 
method can be adopted to solve this nonlinear constrained multivariable 
optimum problem [56]. 

Step 4: Calculation of the parameters of d-TMISs. Calculate the design 
parameters of the additional d-TMISs according to the distribution 
pattern of μt,i and ξd,i defined in Eqs. (22)-(24) and the constraints of μin,i, 
λs,i, and λt,i expressed in Eq. (21). 

Step 5: Verification of the structural performance and multimode control 
effect. Conduct time history analysis to verify the performance of the 
chimney with d-TMISs and a comparative analysis to examine the 
multimode control effect of d-TMISs designed according to the proposed 
multimode control optimization. 

To verify the performance of the chimney with d-TMISs, the top 
displacement response performance index γN (defined in Eq. (25)) under 
different excitations should be compared with the target top displace-
ment response performance index γN,lim. It is recommended that the peak 

Fig. 4. Geometrical graph and dimensions at characteristic sections of the chimney.  

Fig. 5. Mode shapes of the uncontrolled chimney and the placement of 
d-TMISs. 
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response performance index γN,peak and relative displacement perfor-
mance index γΔd ,i also be examined as supplementary verifications of the 
peak top displacement response mitigation effect and the constraint of 
{

Δd,i
}

⩽α⋅
{

Δd,i
}

lim in the optimization of d-TMISs, respectively. These 
can be calculated as 

γN,peak =
maxdz,N

maxdz0,N
, γΔd ,i =

TMISσΔd ,i

TMDσΔd ,i
(27)  

where maxdz,N and maxdz0,N are the maximum top displacements of the 
chimney with d-TMISs and the uncontrolled chimney, respectively. 
TMISσΔd ,i and TMDσΔd ,i are the RMS values of the relative displacement of 

the ith TMIS in d-TMISs and ith TMD in d-TMDs, respectively. 
It is recommended that eigenvalue analyses be first conducted to 

obtain the natural frequencies of the uncontrolled chimney and the 
chimney with d-TMISs for a preliminary evaluation of the tuning effect 
of the d-TMISs for multimode control. The installation of the d-TMISs on 
the chimney provides an additional degree of freedom, whereby the 
frequency characteristic of the chimney is altered. In general, the fre-
quency of the target mode is split and varied around the original fre-
quency of the chimney. Otherwise, the design parameters of d-TMIS 
should be revised. Furthermore, it is recommended that the frequency 
response functions (FRFs) of the responses of the chimney with different 
d-TMISs be drawn for different target mode control and that these be 
compared to verify the expected multimode control effect. 

4. Illustrative case study 

4.1. Multimode control design 

4.1.1. Model information 
A benchmark model of a 300 m high-rise RC chimney from the 

research of Liang et al. [57] is adopted here as an illustrative case to 
examine the proposed method for optimal multimode control using d- 
TMISs. The geometrical graph and characteristic sizes of the chimney 
are shown in Fig. 4. There is an abrupt variation in the geometry at an 
elevation of 175 m of the RC chimney. From the base to this elevation, 
the outer diameter of the chimney decreases gradually from 33.8 m to 
21.2 m along the height. Above this elevation, the chimney has a uni-
form cross-section with an outer diameter of 21.2 m. The elastic 
modulus and density of the concrete are considered to be 2.5 × 1010N/ 
m2 and 2400 kg/m3, respectively. This chimney is divided into 24 
equivalent beam elements each with a height of 12.5 m. In addition, for 
simplification, the cross-section of each beam element is assumed to be 

uniform throughout its height. Only one translational direction of the 
chimney is investigated considering its symmetry. The chimney 
employed herein is located in a 2 GW power plant in Hubei province, 
China. Considering the possibility of the potential construction site, the 
rigid foundation is adopted in the chimney model according to the 
Chinese code for seismic deign [58]. Referring to Subsection 2.1, the 
numerical model of the RC chimney is established with a 24-DOF sys-
tem. The inherent damping matrix of the chimney is expressed by 
assuming a constant damping ratio of 0.05 for all the modes according to 
the recommendation of the CICIND code [1] and Chinese code for design 
of chimneys [59]. The total mass of the chimney Mtotal =

∑N
k=1mk is 

calculated to be 3.326 × 107 kg. 
Modal analysis is conducted for the high-rise RC chimney. According 

to the analysis results, the modal mass participation factors Γi of the first 
three modes (Γ1 = 0.48, Γ2 = 0.26, and Γ3 = 0.13) are relatively large 
compared with those of the other modes. Moreover, the sum of Γi for the 
first three modes is larger than 0.85. Hence, the first three modes of the 
chimney are selected to be controlled. The natural vibration frequencies 
ωi of the first, second, and third modes are 1.79 rad/s, 6.81 rad/s, and 
16.57 rad/s, respectively. The normalized mode shapes (with one as 
their largest amplitude) for the first three modes are depicted in Fig. 5. 
Then, the locations of the three TMISs (d-TMISs) are determined as 
follows: TMIS-1 for the first mode at the 24th node (i.e., the topmost 
node), TMIS-2 for the second mode at the 23rd node (height of 287.5 m 
of the chimney), and TMIS-3 for the third mode at the 17th node (height 
of 212.5 m of the chimney). In addition, the modal masses Meq,i for the 
first, second, and third modes are calculated using Eq. (20) and are 
obtained as 4.295 × 106 kg, 7.991 × 106 kg, and 1.058 × 107 kg, 
respectively. 

4.1.2. Solution of the d-TMIS parameters 
To suppress the vibration of the RC chimney, the target top 

displacement response performance index γN,lim is set to 0.7 according to 
the preanalysis results of the uncontrolled chimney under external ex-
citations and considering the seismic demand. In Section 3.1, it is rec-
ommended that the parameters of the d-TMISs be positively correlated 
with the nodal displacements of the chimney (i.e., β⩾1). To determine β 
in the optimization of d-TMISs, a trial calculation is conducted with the 
values of β from one to five. The results show that the demand value of ̃μt 
under a γN,lim of 0.7 decreases with the increase in β. Furthermore, the 
peak value of the frequency response function for the third mode of the 
chimney using d-TMISs increases with the increase in β. This indicates 
that a large β is favorable for reducing the demand of μ̃t under a certain 
γN,lim. This is mainly owing to the predominant contribution of the 
fundamental mode to the structural responses. However, β cannot be too 
large considering the high mode control effect of the high-rise chimney. 
If it is, the parameters of the additional TMISs would be concentrated on 

Table 1 
Optimal design parameters of d-TMISs for multimode control of chimney.  

TMIS number Designed dimensionless parameters of d-TMISs 

μt,i  μin,i  λs,i  λt,i  ξd,i  

TMIS-1 0.073 0.111 1.146 0.901 0.025 
TMIS-2 0.034 0.059 1.068 0.952 0.021 
TMIS-3 0.008 0.016 1.016 0.988 0.007  

Table 2 
Practical parameters of d-TMISs.  

TMIS 
number 

Designed parameters of d-TMISs 

mt,i(kg)  min,i(kg)  kt,i(N/m)  ks,i(N/m)  cd,i(N⋅s/m)  

TMIS-1 3.135 ×
105 

3.485 ×
104 

8.231 ×
105 

1.202 ×
105 

2.540 ×
104 

TMIS-2 2.704 ×
105 

1.605 ×
104 

1.137 ×
107 

7.696 ×
105 

7.561 ×
104 

TMIS-3 8.381 ×
104 

1.286 ×
103 

2.248 ×
107 

3.559 ×
105 

1.834 ×
104  

Fig. 6. Acceleration response spectra of natural seismic waves.  
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TMIS-1, which is installed on the topmost node for the first mode con-
trol. Consequently, β = 2 is adopted in the optimization of the d-TMISs 
according to the results of the trial calculation using values of β from one 
to five and considering the balance between the demand of the tuned 
mass and multimode control effect. As a constraint condition in the 
optimization of the d-TMISs, their target relative displacements (which 
are expressed as the vector 

{
Δd,i

}

lim) are determined to be equal to the 
relative displacements of the d-TMDs that are placed at the same loca-
tions and equipped with identical tuned masses, tuning springs, and 
damping elements as the corresponding d-TMISs. In addition, a safety 
redundancy coefficient α is considered in the constraint condition of 
{

Δd,i
}

to realize a flexible adjustment and take into account the per-
formance redundancy of the relative displacement of the d-TMISs. For 
the convenience of calculation, the following is considered to be the 
constraint with respect to 

{
Δd,i

}
in the optimization of the d-TMISs: the 

ratio of the corresponding entry in 
{

Δd,i
}

to that in 
{

Δd,i
}

lim is smaller 
than α. In this study, α is set as one considering the practical installation 
space of the d-TMISs and the corresponding analysis results presented 
below. The lower bounds of μ̃t and ξ̃d are set as 10-4 and 10-3, respec-
tively, and their upper bounds are set as 1 and 0.9, respectively, in the d- 
TMISs optimization. 

μ̃t and ξ̃d are determined to be 0.073 and 0.025, respectively, by 
solving the optimum problem expressed in Eq. (26). Then, the param-
eters of d-TMISs for multimode control of the chimney can be obtained 
according to Eqs. (21) and (24), and are listed in Table 1. The practical 
parameters of the d-TMISs are also listed in Table 2 for a further un-
derstanding of the actual characteristic of the proposed device. 

4.1.3. Time history analysis 
Time history analysis is performed herein to verify the performance 

of the chimney with the designed d-TMISs. Three natural seismic waves 
and a white noise excitation with zero mean are adopted to conduct this 
analysis. The three typical seismic records include the El Centro record 
(1940, PGA = 0.28 g), Kobe record (1995, PGA = 0.62 g), and Chi-Chi 
record (1999, PGA = 0.13 g). These are selected from the strong 
ground motion database of the Pacific Earthquake Engineering Research 
Center (PEER) [60,61]. Fig. 6 shows the normalized acceleration 
response spectra of these three seismic waves. 

The time history displacement responses of the topmost nodes for 
both uncontrolled chimney and chimney with designed d-TMISs under 
different dynamic excitations are depicted in Fig. 7. Both RMS response 
performance index γN and peak response performance index γN,peak of 
the top displacements are recorded to assess the response reduction ef-
fect of the d-TMISs in the high-rise chimney. γN and γN,peak can be 
calculated using Eqs. (25) and (27), respectively. 

The results in Fig. 7 show that the use of the designed d-TMISs in the 
chimney effectively mitigated both peak responses and RMS values of 
the top displacements. Although the reduction in peak displacements is 
not as good as that in the RMS values of the top displacement under 
different excitations, these can be considered acceptable. In addition, 
the response performance indices γN of the RMS value of the top dis-
placements are close to the target value of γN,lim = 0.7 under both white 
noise and seismic excitations. Hence, it is verified that the expected 
target seismic response reduction can be achieved by applying the 
proposed optimal design method using d-TMISs. 

For the constraint 
{

Δd,i
}

⩽α⋅
{

Δd,i
}

lim in the optimization, the d-TMDs 
are recommended to be used as references for the d-TMISs. To evaluate 
the constraint 

{
Δd,i

}
⩽α⋅

{
Δd,i

}

lim in the optimization of the d-TMISs, the 
relative displacement reduction ratio γΔd ,i of the d-TMDs and d-TMISs is 
recommended to be used. It can be calculated using Eq. (27). Note that 
in the definition of γΔd ,i, the ith TMD in d-TMDs has the same location and 
is equipped with identical tuned mass, tuning spring, and damping 
element as the ith TMIS in d-TMISs. The dynamic responses of the rela-
tive displacements of each TMIS and TMD and the corresponding γΔd ,i 

under the white noise excitation are shown in Fig. 8. It is evident that the 
relative displacement response for each TMIS is less than that of the 
corresponding TMD and that all the ratios γΔd ,i are less than one. In 
addition, the difference in vibration characteristics are evident from the 
relative displacement responses of the different TMISs and TMDs used 
for the specified mode control of the chimney. The relative displacement 
responses of TMIS-1 and TMD-1 for the first-mode control of the chim-
ney exhibit low-frequency vibration characteristics. Meanwhile, middle- 
and high-frequency vibration characteristics are respectively observed 
for TMIS-2 and TMD-2 in the second-mode control, and for TMIS-3 and 
TMD-3 in the third-mode control of the chimney. These phenomena 
reveal the tuned effect of the devices used for the specified mode control. 
All the ratios γΔd ,i under different seismic excitations are also listed in 
Table 3. These values are less than one. It is demonstrated the constraint 
{

Δd,i
}

⩽α⋅
{

Δd,i
}

lim is satisfied in the optimization of the d-TMISs. 

Fig. 7. Top displacement responses of the uncontrolled chimney and the 
chimney with d-TMISs. 
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4.1.4. Effectiveness of d-TMISs for multimode control 
Eigenvalue analyses are first conducted for both the uncontrolled 

chimney and the chimney with the designed d-TMISs to explain the 
tuning effect of the d-TMISs for multimode control. The mass matrix 
Mand stiffness matrix K of the chimney with d-TMISs can be obtained by 
using Eqs. (8) and (10) and the parameters of the d-TMISs in Table 2 for 
the eigenvalue analysis. The natural circular frequencies of these two 
structures are compared in Table 4. It is evident that an additional TMIS 

Fig. 8. Relative displacements of the d-TMDs and d-TMISs used in the chimneys (white noise excitation).  

Table 3 
Relative displacement ratios of the d-TMDs to d-TMISs used in the chimneys.  

Earthquake excitation Relative displacement ratio 

γΔd ,1  γΔd ,2  γΔd ,3  

El Centro 0.73 0.82 0.94 
Kobe 0.60 0.84 0.95 
Chi-Chi 0.66 0.85 0.97  
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used to control a specified mode of the chimney can add two degrees of 
freedom. Consequently, when the d-TMISs are adopted to control the 
first three modes of the chimney, these modes are split into three pairs of 
modes. Each pair is composed of three modes with close frequencies. In 
addition, the middle frequency in a pair is close to the original frequency 
of the uncontrolled chimney, and the other two frequencies are sepa-
rated beside the original frequency. Nevertheless, the frequencies with 
respect to the uncontrolled modes of the chimney with d-TMISs (10th 
and 11th modes) are almost unaltered compared with those for the 
corresponding modes of the uncontrolled chimney (4th and 5th modes). 
This regularity can also be observed for other higher modes of the un-
controlled chimney and the chimney with d-TMISs that are not listed in 
Table 4. It is noteworthy that the middle frequency in a pair of modes of 
the chimney with d-TMISs differs more from the corresponding fre-
quency of the uncontrolled chimney for the first mode compared with 
that for the higher modes (Table 4). This is mainly because the largest 
tuned mass is equipped for the first mode control and the smaller tuned 
mass is set for the higher mode, considering the corresponding modal 
mass participation factor. To summarize, the target modes of the 
chimney can be tuned accurately using the d-TMISs designed by the 
optimal method proposed above. 

To provide further insight into the multimode control of the chimney 
using d-TMISs, the proposed optimal design method is adopted also for 
single-mode and two-mode control using a single TMIS (s-TMIS, placed 
at the topmost node) and two distributed TMISs (2d-TMISs, placed at the 
topmost and 23rd nodes), respectively, under identical target perfor-
mances (i.e., γN⩽0.7 and 

{
Δd,i

}
⩽
{

Δd,i
}

lim). The d-TMISs used to control 
the first three modes of the chimney are renamed as 3d-TMISs for the 
convenience of differentiation. The frequency response functions (FRFs) 
of the top displacements and accelerations for the uncontrolled chimney 
and the chimney controlled in different modes (i.e., the chimney with s- 
TMIS, 2d-TMISs, and 3d-TMISs) are shown in Fig. 9. The FRF H(Ω) can 

be calculated as follows: 

H(Ω) = nT
j Cs

[
iΩI(N+2n) − As

]− 1Es (28)  

where i is the imaginary unit and Ω denotes the frequency of the external 
excitation. To illustrate quantitatively, the peak values for the first three 
modes for the FRFs of the uncontrolled chimney and the chimney with 
3d-TMISs are presented in Fig. 9. In FRFs, the resonant peaks of the top 
displacement and acceleration in the uncontrolled chimney are split and 
reduced upon the installation of TMISs for the structural control of 
different modes. Moreover, for each designed case shown in Fig. 9, only 
the peaks of the displacement and acceleration for the target modes are 
decreased, whereas the peaks of the displacement and acceleration for 
the other irrelevant modes are almost unaltered. The proposed optimal 
multimode design can be considered to be effective for structural 
response control involving the target modes without influencing the 
irrelevant modes. 

Fig. 9a shows that the resonant peaks of the top displacement are 
reduced for the first two modes significantly, whereas the reduction 
effect in the third mode is not as good as that of the first two modes for 
the chimney using 3d-TMISs. This is mainly because the parameters of 
TMIS-3 that are set to controll the third mode of the chimney may be a 
little small under the assumed parameter distribution pattern. However, 
considering the performance redundancy and the reduction effect of the 
resonant peak of the top acceleration for the third mode shown in 
Fig. 9b, it is recommended that the response involving the third mode of 
chimney to be controlled using TMIS-3. Furthermore, to achieve a better 
target mode control effect, the parameter distribution pattern of d-TMIS 
expressed in Eqs. (22)–(24) can be modified, or the parameters of TMIS 
that do not perform as anticipated can be adjusted individually under 
the condition of target top displacement response reduction. It is note-
worthy that to obtain a better high-mode control by altering the pa-
rameters of the d-TMISs, a large additional tuned mass of d-TMISs can be 
required and a balance between the cost and high-mode control effect 
should be considered. 

4.2. Improvement of d-TMISs 

In this section, the traditional d-TMDs are adopted for the high-rise 

Table 4 
Natural circular frequencies of the uncontrolled chimney and the chimney with 
d-TMISs.  

Uncontrolled chimney Chimney with d-TMISs 

Mode number Circular frequency Mode number Circular frequency 

1 1.79 1 1.38 
2 1.74 
3 2.18 

2 6.81 4 5.82 
5 6.78 
6 7.96 

3 16.57 7 15.32 
8 16.58 
9 17.86 

4 28.55 10 28.59 
5 42.97 11 42.98  

Fig. 9. FRFs of the uncontrolled chimney and the chimneys controlled in different modes.  

Table 5 
Parameters in the design cases and the corresponding tuned mass reduction 
ratios.  

Case ID Design of d-TMDs Design of d-TMISs αT  

μ̃t  γN  γN,lim  μ̃t  ξ̃d  

Case-A 0.02 0.83 0.83 0.015 0.003 25% 
Case-B 0.04 0.78 0.78 0.027 0.006 33% 
Case-C 0.06 0.75 0.75 0.039 0.011 35%  
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chimney. Furthermore, the first three modes are controlled to perform a 
comparative study with the d-TMISs. Assuming that the installation 
location and parameter distribution pattern are identical to those of the 
d-TMISs, the d-TMDs are designed for several different generalized mass 
ratios ̃μt . Furthermore, Den Hartog’s fixed-point theory [62] is employed 
to obtain the other parameters of each TMD for each of the equivalent 
SDOF systems of the chimney corresponding to the relevant target 

modes. Using the d-TMDs, three design cases (recorded as Case-A, Case- 
B, and Case-C) are set for μ̃t equal to 0.02, 0.04, and 0.06, respectively. 
Accordingly, the top displacement response performance indices γN of 
the d-TMDs are calculated as listed in Table 5. Then, the d-TMISs are also 
designed using the optimal design method proposed in this study to 
achieve the γN obtained using d-TMDs. To provide an evaluation index of 
the lightweight effect of the d-TMISs in comparison with the traditional 

Fig. 10. Seismic mitigation effect of chimney with d-TMISs and that with d-TMDs, under Chi-Chi wave.  
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d-TMDs, the tuned mass reduction ratio αT is defined as 

αT =
μ̃t,TMD − μ̃t,TMIS

μ̃t,TMD
× 100% (29)  

where μ̃t,TMD and μ̃t,TMIS denote the generalized tuned mass ratios of the 
d-TMDs and d-TMISs, respectively. 

The optimal design parameters of d-TMISs and the results of αT are 
presented in Table 5 for each of the design cases. The tuned mass 
reduction ratio in these design cases is at least 25%. This indicates an 
apparent lightweight effect of the d-TMISs compared to the traditional 
d-TMDs for the multimode control of chimneys. In the TMIS, the inerter 
provides an additional degree of freedom and replaces part of the role of 
the tuned mass with a negligible gravitational mass owing to its 
apparent mass effect. Under an identical target top displacement 
response performance index, the demand of the tuned mass of the d- 
TMISs for seismic mitigation of the chimney is less than that for the d- 
TMDs. 

To comprehensively evaluate the seismic responses of the chimney 
using d-TMISs and further compare the seismic mitigation effect of the d- 
TMISs with that of the d-TMDs, the top displacement, relative deflection 
between the topmost and second to last nodes, the top acceleration, and 
the base moment responses for the chimney using d-TMISs and that 
using d-TMDs are examined herein for Case C. Considering the limita-
tion of article length, the corresponding seismic responses are drawn 
only under the Chi-Chi earthquake excitation in Fig. 10. For the con-
venience of quantitative analysis, the top relative deflection reduction 
ratio γR, top acceleration reduction ratio γA, and base moment reduction 
ratioγM are defined as follows: 

γR =
σrd,N

σrd0,N
, γA =

σa,N

σa0,N
, γM =

σm,N

σm0,N
(30)  

where σrd,N, σa,N, and σm,N are the RMSs of the relative deflection be-
tween the topmost and second to last nodes, the top acceleration, and 
the base moment responses, respectively, of the chimney with d-TMISs 
or d-TMDs, respectively. σrd0,N, σa0,N, and σm0,N are the RMSs of the 
relative deflection between the topmost and second to last nodes, the top 
acceleration, and the base moment responses, respectively, of the un-
controlled chimney. Additional subscripts of TMIS and TMD are also 
adopted in γR, γA, and γM (as shown in Fig. 10) to distinguish the seismic 
mitigation effect of d-TMISs from that of d-TMDs. 

In Case C, the d-TMDs and d-TMISs used in the RC chimney are 
designed to achieve an identical target top displacement performance 
ratio γN,lim of 75%. Fig. 10a shows that the top displacement responses 
are mitigated in the time-domain as anticipated for the chimney using d- 
TMDs and that using d-TMISs. In addition, the relative deflections be-
tween the topmost and second to last nodes, the top accelerations, and 
the base moment responses are effectively reduced for the chimney 
using d-TMDs and that using d-TMISs (Fig. 10b–10c). Similar seismic 
mitigation effects are obtained for the other responses of the chimney 
using d-TMDs and that using d-TMISs, under an identical γN,lim. Note that 
the tuned mass of the d-TMISs is 35% less than that of the d-TMDs in 
Case C. In Fig. 10, the top relative deflection reduction ratios of the 
chimney using d-TMDs and those of the chimney using d-TMISs are close 
to the top displacement reduction ratios, whereas the top acceleration 
reduction ratio and base moment reduction ratio are less than the top 
displacement reduction ratio. This indicates that under an identical γN,lim 

for the chimney using d-TMDs and that using d-TMISs, the seismic 
mitigation effect of the top relative deflection is close to that of the top 

Fig. 11. Sensitivity responses of γN owing to the variations in μin,i, λs,i and λt,i  
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displacement, whereas the seismic mitigation effects of the top accel-
eration and base moment are weaker than that of the top displacement. 

To summarize, the d-TMISs can be considered as a lightweight vi-
bration device used for multimode control of the seismic response of 
high-rise RC chimneys. With a suitable design, the dynamic responses of 
the chimney can be reduced comprehensively by using d-TMISs. 
Furthermore, the seismic response mitigation effect of the chimney with 
d-TMISs can be as good as that with the traditional d-TMDs under a 
lighter weight. 

5. Parametric study 

5.1. Rationality concerning the simplification and sensitivity analysis 

The extended fixed-point theory is employed in Section 3.1 to 
determine μin,i, λs,i and λt,i for each TMIS. Then, the optimal multimode 
control problem is simplified based on the assumed parameter distri-
bution pattern of d-TMISs to just obtain the solutions for μ̃t and ξ̃d. To 
examine whether the application of the extended fixed-point theory is 
rational for the optimization of the d-TMISs, the performance of the 
chimney is investigated by shifting μin,i, λs,i, and λt,i away from their 
optimal values ( optμin,i, optλs,i, and optλt,i) within a 50% range for all the 
equipped TMISs (Case-B is analyzed as an example). Note that the 
optimal inertance to tuned mass ratio optμin,i, optimal corner frequency 
ratio optλs,i, and optimal nominal natural frequency ratio optλt,i are 
calculated using the proposed multimode control optimization. To ex-
press the shifting of these parameter away from their optimal values 
with a 50% range, the ratios of the shifted parameters (μin,i, λs,i, and λt,i) 
to those of the optimal values ( optμin,i, optλs,i, and optλt,i) are defined as 
μin,i/ optμin,i, λs,i/ optλs,i, and λt,i/ optλt,i, respectively, with a range of 
0.5–1.5. These have been drawn on the axes of the three-dimensional 
diagram in Fig. 11. Then, the values of the top displacement response 
performance index γN are calculated for all the feasible possible 
parameter combinations in the range defined above by setting a constant 
combination of ̃μt and ̃ξd calculated in Case-B. To evaluate the shifting of 
γN with the variation in the parameters of d-TMIS, the ratio γN/γN,original 

of the chimney is defined and calculated for μin,i/ optμin,i, λs,i/ optλs,i, and 
λt,i/ optλt,i in the range 0.5–1.5, as shown in Fig. 11. Here, γN,original de-
notes the original top displacement response performance index for the 
chimney with d-TMISs calculated in Case-B. In Fig. 11, γN/γN,original is 
represented by the color of each point in the dyed parametric space 
under different combinations of μin,i/ optμin,i, λs,i/ optλs,i, and λt,i/ optλt,i. 

Fig. 11 shows that all the values of γN/γN,original are approximately at 
least one as μin,i, λs,i, and λt,i vary. Hence, the determination of μin,i, λs,i, 
and λt,i based on the extended fixed-point theory can be considered as 

the optimal result for a certain combination of μ̃t and ξ̃d solved under a 
preset target performance. That is, the application of the extended fixed- 
point theory is rational to simplify the determination of the parameters 
for the optimization in d-TMISs. In addition, it is observed that the color 
maps for the slices at constant values of λs,i/ optλs,i exhibit similar char-
acteristics, whereas those for the slices at constant values of μin,i/ optμin,i 

and of λt,i/ optλt,i differ significantly. These indicate that the performance 
of the chimney with d-TMISs is sensitive to the variations in μin,i and λt,i, 
and is marginally sensitive to that in λs,i. The best seismic mitigation 
effect is achieved for the values of μin,i/ optμin,i, λs,i/ optλs,i, and λt,i/ optλt,i 

close to one. For the slices at constant values of μin,i/ optμin,i (Fig. 11a), 
the areas of cool color in the slices of μin,i/ optμin,i larger than one are 
larger than those in the slices of μin,i/ optμin,i smaller than one. This in-
dicates that the values of μin,i/ optμin,i larger than one can be favorable to 
the seismic control of the chimney compared with those smaller than 
one, for certain specified sets of other parameters. In a similar analysis, 
this property is observed to be the converse of that of λt,i/ optλt,i. 

5.2. Parametric analysis of μ̃t and ξ̃d 

The parameters μin,i, λs,i, and λt,i of the d-TMISs calculated using the 
extended fixed-point theory have been demonstrated above to be 
reasonable after μ̃t and ξ̃d are determined. In this part, parametric 
analysis is conducted to investigate the performance of the chimney 
with d-TMISs, as shown in Fig. 12. Here, ̃μt and ̃ξd range from 0.01 to 0.3 
and 0.01–0.2, respectively. μin,i, λs,i, and λt,i are determined using Eq. 
(21), and γN is calculated using Eq. (25). 

It is evident that for a low damping parameter ξ̃d, γN first decreases 
and then increases with the increase in ̃μt. Hence, there is a local optimal 
solution for a middle μ̃t and relatively low damping parameter ξ̃d. For a 
high damping parameter ̃ξd, γN decreases continuously with the increase 
in ̃μt, whereas the rate of increase is evidently smaller for a large ̃μt . That 
implies that for a large ̃μt, γN is not sensitive to the variation in ̃μt. It is not 
necessary to pursue the minimum γN with a significantly large μ̃t 
considering the cost. For a performance-based design, there should be a 
balance between the values of μ̃t and γN. 

6. Conclusion 

This study proposes the installation of ungrounded d-TMISs on high- 
rise chimneys for multimode control of seismic response. A corre-
sponding optimization design method is developed for reducing the 
seismic response of chimneys. The following conclusions can be drawn:  

(1) The d-TMISs are demonstrated to be effective for multimode 
control of the seismic responses of chimneys. The superiority of d- 
TMISs is manifested mainly as the lightweight effect compared 
with the traditional d-TMDs under the target performance de-
mand. In addition, the reduction in the displacement response of 
the d-TMISs employed in the chimney is better than that in the 
acceleration under the displacement-based demand design. To 
summarize, considering the lightweight effect and acceptable 
reduction in the responses, the d-TMISs (rather than the tradi-
tional d-TMDs) can be adopted as an available technique for 
seismic response reduction for both newly constructed and in- 
service chimneys.  

(2) The proposed optimal multimode control method for the seismic 
responses of high-rise chimneys using d-TMISs is generally 
effective for achieving the target performances under different 
excitations. Furthermore, the responses correlated with the target 
modes can be reduced accurately without the involvement of 
other irrelevant modes. Note that the high-mode control effect 
may be moderately trivial according to the proposed parameter 
distribution pattern of d-TMISs in this study. This is mainly owing 

Fig. 12. Results of γN under different values of μ̃t and ξ̃d  
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to the relatively small additional tuned mass of the TMIS for a 
high mode and can be solved by modifying the parameter dis-
tribution pattern. However, a large additional tuned mass of d- 
TMISs can be required, and a balance between the cost and high- 
mode control effect should be considered. In general, the pro-
posed optimization method can provide a reference for multi-
mode control of chimneys with d-TMISs and is likely to be 
extended to other high-rise structures.  

(3) The simplification assumed for determining the parameters of d- 
TMISs in the optimization method is established to be reasonable 
with a parametric analysis involving these parameters. This fa-
cilitates the application of d-TMISs in chimneys. 

There are certain limitations of the proposed multimode control 
design method of d-TMISs used in the chimney. A simple two- 
dimensional lumped mass mode is adopted for reasonable simplifica-
tion in this study. It cannot provide a more detailed feedback on the 
chimney responses, e.g., it cannot provide information such as the stress 
distribution or cracking of chimney under severe earthquakes. This can 
be realized by developing a precise finite element model of a chimney 
for analysis. The soil-structure interaction is not considered for the 
chimney, which may affect the performance of a structure with d-TMISs. 
The proposed multimode control of chimney using d-TMISs can be 
adopted for a chimney with a flexible foundation by modifying the 
chimney model considering an additional soil model and their in-
teractions. In addition, only a specific type of inerter subsystem included 
in the TMIS is investigated in this study. However, the proposed 
multimode control optimization can provide a framework for 
researching TMISs composed of other inerter subsystems, which de-
serves further study. 
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Appendix A 

. 

Table A1 
Notations.  

Notations Definition 

Fin  Output force of two-terminal inerter element 
Fs  Output force of TVMD subsystem adopted in TMIS 
Ft  Total output force of TMIS 
kt,i  Stiffness of tuning spring of the ith TMIS 
ks,i  Stiffness of spring element in TVMD of the ith TMIS used for the ith mode 

control 
cd,i  Damping coefficient of the ith TMIS used for the ith mode control 
min,i  Inertance of the inerter element of the ith TMIS used for the ith mode 

control 
mt,i  Tuned mass of the ith TMIS used for the ith mode control 
xt,i  Displacement of the tuned mass of the ith TMIS used for the ith mode 

control 
xs,i  Displacement of node between the spring and inerter element of the ith 

TMIS used for the ith mode control 
Mp, Cp,Kp  Condensed mass, damping, and stiffness matrices, respectively, of 

uncontrolled chimney 
x, ẋ,ẍ  Vectors of the displacement, velocity, and acceleration, respectively, of 

uncontrolled chimney 
ιp  Influence coefficient vector of uncontrolled chimney 
ẍg  Acceleration of ground motion 
mk  Lumped mass at the kth node of chimney model 
M, C,K  Mass, damping, and stiffness matrices, respectively, of chimney with d- 

TMISs 
Mg  Mass matrix corresponding to ground motions for chimney with d- 

TMISs 
X, Ẋ,Ẍ  Vectors of the displacement, velocity, and acceleration, respectively, of 

chimney with d-TMISs 
ι  Influence coefficient vector of chimney with d-TMISs 
χ i  Column vector representing the location of the ith TMIS 
xs  State vector of the nodal displacements and velocities of chimney with 

d-TMISs 
zs  Response variables vector 
As, Es,Cs  State-space matrices used in the state-space equation 
P  Covariance matrix ofxs  

Kz  Covariance matrix ofzs  

nj  Position indication column vector of the jth response variable 
S(Ω) Power spectral density of the excitation with frequencyΩ  

σ2
z,j  Variance of the jth output response variable 

μt,i  Equivalent mass ratio of the ith TMIS used for the ith mode control 
μin,i  Inertance to tuned mass ratio of the ith TMIS used for the ith mode 

control 
λs,i  Corner frequency ratio of the ith TMIS used for the ith mode control 
λt,i  Nominal natural frequency ratio of the ith TMIS used for the ith mode 

control 
ξd,i  Nominal damping ratio of the ith TMIS used for the ith mode control 
Meq,i  Modal mass of the ith mode of chimney 
φnormal,i  Normalized ith modal vector 
ωs,i  Nominal circular frequency of TVMD of the ith TMIS used for the ith 

mode control 
ωt,i  Nominal circular frequency of the ith TMIS used for the ith mode control 
ωi  Natural frequency of the ith mode of uncontrolled chimney 
m̃t  Generalized mass of d-TMISs 

ξ̃d  Generalized nominal damping ratio of d-TMISs 

ψ i  Normalized nodal displacement of chimney 
β  Parameter correlation index 
σz0,i  RMS value of the displacement of the node attached by the ith TMIS of 

uncontrolled chimney 
σz,N, σz0,N  RMS values of top displacement of chimney with d-TMISs and 

uncontrolled chimney 
γN  Top displacement response reduction index 
mt,total  Total tuned mass of additional d-TMISs 
Mtotal  Total mass of uncontrolled chimney 
{

Δd,i
}

Relative displacement vector of d-TMISs 

γN,lim  Target top displacement response reduction index 
{

Δd,i
}

lim  
Target relative displacement vector 

μ̃t,min , ̃μt,max  Lower and upper bounds, respectively, of generalized mass 

(continued on next page) 
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Table A1 (continued ) 

Notations Definition 

ξ̃d,min, 
ξ̃d,max  

Lower and upper bounds, respectively, of generalized nominal damping 
ratio 

α  Safety redundancy coefficient of relative displacement of d-TMISs 
γN,peak  Peak top displacement response reduction index 
γΔd ,i  Relative displacement reduction index 
αT  Tuned mass reduction ratio 
H(Ω) Frequency response function 
γR  Top relative deflection reduction ratio 
γA  Top acceleration reduction ratio 
γM  Base moment reduction ratio  
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