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Abstract. An efficient training and pruning method based on Heo filtering algo-
rithm is proposed for Feedforward neural networks (FNNs). A FNNs’ weight
importance measure linking up prediction error sensitivity obtained from H,, fil-
tering training and a weight salience based pruning technique are derived. The
results of extensive experimentation indicate that the proposed method provides
better pruning results during the training process of the network without losing
its generalization capacity, also provides a robust global optimization training
algorithm for given arbitrary network structures.

1 Introduction

For neural networks (NNs) design, there are two crucial problems: one is the choice
of a ‘fast’ and ‘robust’ training algorithm, and the other is the choice of a suitable or,
ideally, minimal NNs topology to be adopted. In neural network training, the most
well-known online training method is the backpropagation algorithm (BPA) [1],
which is virtually a first-order stochastic gradient descent method and shows slow
learning speed [2]. To overcome the slowness, many modified schemes based on the
classical nonlinear programming technique have been suggested to speed up the train-
ing [3][4]. Recently, a class of second-order descent methods inspired by the theory of
system identification and nonlinear filtering [5] has been introduced to estimate the
weights of a neural network. Extended Kalman filter (EKF) [6][7][8] and Recursive
least square (RLS) method have been applied to multilayer perceptron [9][10][11]. In
the above mentioned EKF algorithm, although the learning speed is improved, the
method requires the knowledge of the noise statistics. Convergence of this algorithm
as well as the final values depends, to great extent, on this initial guess. The authors
have presented suboptimal H,, filtering to train feedforward multilayer network which
is independent on noise statistics [12].

Besides the training algorithms, another concern encountered in the practical appli-
cation of the NN is the choice of suitable model architecture. Since an unsuitable
topology will increase the training time or even cause non-convergence, it usually
decrease the generalization capability of the network. If there are too few weights, the
network may not be trained to learn the training data for the system mapping. On the
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other hand, if the network size is too large, weights overfitting problems may usually
occur and thus lead to worse generalization capacity[13][14]. Thus, in order to elimi-
nate unnecessary weights, the pruning algorithm is applied. There are different prun-
ing or model selection methods, such as Akaike Information Criterion (AIC) and
cross-validation techniques [15][16] which require tens of networks to be exhaus-
tively trained before the correct network size is determined, or simple weight decay
method [17[18], or error sensitivity-based Optimal Brain Damage (OBD) [19] and
Optimal Brain Surgeon (OBS) [20] methods, or OBD-like pruning methods [21][22],
or growing methods [4] which may be sensitive to initial conditions and become
trapped in local minima[23] .

As the H, filtering was shown to be more efficient and robust than the Kalman fil-
ter[24][25], it would be interesting to inquire if there is any possibility of applying H,,
filtering training method together with network pruning. The objective of the present
study is to develop a FNNs training and pruning method based on H,, filtering algo-
rithm for identification of nonlinear systems. The presented new method is able to
reduce the complexity of the network during the training without diminishing the
network’s estimation capacity. Also, independent of the statistics of the disturbances
of the network’s inputs and outputs, the presented method provides a natural global
optimization training algorithm for given arbitrary network structures. Examples of
nonlinear system identification are given to verify the usefulness and effectiveness of
the proposed method.

2 H. Filtering Algorithm in Neural Network Training

Let y, =f(w,,u,) be the transfer function of a single-layer FNNs where y, is the
output, u, is the input and w, is its parameter vector that is combined by the weight

matrices w', w* and w’. Given a set of training data, the training of a neural network
can be formulated as a filtering problem [6][8]. In this case, a discrete-time FNNs’
behavior can be described by the following nonlinear state-space model:

Wi =W, TV, ey

y,=f(w,u)+n, 2)

Eqg. (1) is known as process equation, where v, is process noise, the state of system
is given by the network’s weight parameters values w, . Eq. (2) is the observation or
measurement equation, represents the desired network response vector y, as a
nonlinear function f(e) of the input vector u, and the weight parameter vector w, ;
this equation is augmented by random measurement noise n, .

To apply the optimal H,, filtering algorithm, linear Taylor approximation of the
f(w,,u,) at W, (prediction of w, ), u, is considered here, that is

f(w,u) :f(‘?vz—l’uk)-‘rck(wk _VAV;,l) 3)

where C L= of / ow | . A new quantity is introduced as follows:

u=u; ,w=W;_,
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N =Y« _f(VAV;A u)+ Ck";v;—] “4)

The entries in the term n, are all known at time k, and, therefore, n, can be re-
garded as an observation vector at time k. Hence, the nonlinear model (Eq. (2)) is
approximated by the linear model

n, =C,w, +n, (5)

The problem addressed by the H,, filtering is to find an estimate W, of w, given
u,,m,(j=0,1,--k). The suboptimal H,, estimation [25][26] is interested not necessarily
in the estimation of w, but in the estimation of some arbitrary linear combination of

w, using the noise-corrupted observations n,(j =0,1,---k) i.e.,
z, =L, w, (6)

where L, e R™ . Different from that of the modified Wiener/Kalman filter which
minimizes the variance of the estimation error, the design criterion of the H,, filter is
to provide a uniformly small estimation error,z, -z, , for anyn, e/, and w,e R".

The H,, filtering will search z, such that the optimal estimate of z, among all possi-
ble z, in the sense that the supremum of the performance measure should be less than

a positive pre-chosen noise attenuation factor y*, i.e., the worse-case performance
measure

‘ 2

sup Z:/:OIHZk -1

ot ﬂ\nku v

where w, is an a priori estimate of w, and w,—w, represents unknown initial condi-

<r )

Xo.{ny,

Vil Hwo wo

tion error, P;' >0 is weighting matrix. P," >0 denotes a positive definite matrix that
reflects a priori knowledge on how the initial guess w,closeto w, is.

Let ¥ >0 be a prescribed level of noise attenuation. If this is the case, an optimized
H,, filtering algorithm for neural network training can be derived:

w,=w_ +K,(n,-Cw,_)

A

= VAVA_'—I +K, (v, _f(vAVA_'—I’uk)) > VAVA_ = VAVA- » W, = VAVO (®)

where w, is an a posteriori estimate of the state at step k , the gain K, of the filter is
given by

K, =l"'kCZ(I+C,(PkC:)_l )]
P, =PI+ CickPk - 772L71;LkPk )71 (10)

where the attenuation factor y must be tuned so as to satisfy the P, positive definite.
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3 H., Filtering in Neural Network Pruning

In this section, the conjunction of network training and pruning with the H,, filtering
algorithm will be illustrated. Without loss of generality, the network employed here is
considered as a feedforward architecture with », input units, n, hidden sigmoid

unites and a single linear output unit. The initial network is fully connected between
layers and implements a nonlinear mapping from input space u, to target output

space y, = f,(u,,w,), where f(e) is the actual output mapping function, w is the
network parameters and , is the prediction of the target output y, . Then, for a given
training set, the cost function can be expressed as:

1 N
E(W"_NE( £y (11)

where N is the number of training examples.

Under the assumption that the network is fully trained, that is, the cost function E
has adjusted to a local or global minimum on the error surface, the second derivative
of E with respect to w or the Hessian matrix [19] can be approximated as:

w3 2]

N T\ ow )\ ow

To illustrate the connection between the matrix P, and the Hessian matrix H of

the cost function, the Riccati Eq. (10) can be rewritten in an alternative form that will
be more convenient for analysis. By employing the following matrix inversion lemma
(MIL), the following update for P, is obtained

Pk_+ll = Pk_] + CAT'CA' - }/_ZLZ-LA- (13)

Suppose that the weight parameter and the ‘error covariance matrix’ P, are both
converge. Without loss of generality, it is convenient to select the matrix L, equal to
C, . The Riccati recursion Eq. (13) with initial condition P, can be rewritten in the
form of a recursion as:

k
P =P +(1-7")>.C/C, (14)
i=0

From Eq. (12) and Eq. (14), the inversion of Hessian matrix of the cost function is
approximately expressed as:

H™ NN(I_}/_Z) A+I[I_(Pk+l - 0)_]Pk+l] (15)

The pruning procedure simplifies the computations by making a further assumption
of the Hessian matrix H being a diagonal matrix [19]. Thus the saliencies for each
parameter are as follows:
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1
=L w, (16)

where [H]u is the i-th diagonal element of the H and w, is the i-th weight.

The pruning strategy is to find the low-saliency or smallest saliency parameters
which are then selected for deletion. The weights are pruned according to this pruning
order until the change in the estimated training error is greater than the tolerance limit.

4 Illustrative Numerical Examples

A non-linear hysteretic system [27] is selected for example analysis to illustrate the
applicability of the proposed method. The non-linear system is described by the fol-
lowing second order difference equation:

d d“ﬁ” #2 u(0).20) = pl0) (17)
dz(t) du(t) d (t) d (t)
= =25 2= S0 w0 -057 Zleof (18)

where u(r) and p(r) are system’s output and input, respectively.

The FNNs is taken into account to model the dynamic behaviors of the system,
namely, the FNNs is trained to identify z(r) . An FNNs with 3 input neurons ( du(r)/dt
, u(t)and z(r—1)), 30 hidden neurons (with hyperbolic tangent activation function),
and one output neuron ( z(¢) ,with linear activation function) is trained to capture the
unknown system. In this case, the total number of weights is 120.

In this study, the effectiveness of the noise injection training is also investigated;
noises are artificially added to the training data. The noise level is defined as the value
of the standard deviation. For instance, if the standard deviation is 0.05, the noise
level in the data can be referred as 5% in the root-mean-square (RMS) level.

Training and test samples for the non-linear system identification problem are
shown in Fig.1. The training set contains 1000 samples with 3% noise in RMS level
and test set contains 500 samples. Numbers of training iterations of some parts of
estimated network’s weights are shown in Fig.2. Some weights converge to stable
values very quickly in first 500 iterations. This fast convergence demonstrated that the
H,, filtering is a very fast training algorithm. Last step values of the P, (120x120

matrix, Fig. 3) of the Riccati recursion show that the matrix P, is almost diagonal

dominant. Fig.4 shows the estimated training error against the number of weights in
the pruned network. It is clear that nearly only 70 weights are enough to capture the
unknown system without increasing the training error dramatically. After training,
another 500 pairs of testing data are passed to the pruned network. Fig. 5 depicts a
segment of the actual and the desired network output for the test set. It shows that
output of the pruned network is quite close to the desired output.
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Fig. 1. Training and test samples for the system identification problem
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Fig. 5. A segment of the actual and the desired network output for the test set in the system
identification example. Solid line represents the desired output; the dotted line corresponds to
the actual output of: (a) the unpruned network; (b) the network pruned by our approach

To demonstrate that the generalization capability is not affected much if some
weights in the network are pruned, another set of input signal (the test set) is fed for
the pruned network. A system input p(r) (Fig.6 (a)) is selected for the validation set.
According to this input, corresponding desired output for this validation set are ob-
tained. Fig. 6(b) depicts a segment of the actual and the desired network output corre-
sponding to the test input. The instantaneous error is shown in Fig. 6 (c). The figure
shows that the generalization capability of the pruned networks does not change
much.
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Fig. 6. A segment of the actual and the desired network output for the validation set in the
system identification example. (a) Validation input of system; (b) comparison between actual
output (solid line) and the pruned H..-network output (dashed line); (¢) instantaneous error

5 Conclusions

In this paper, we have derived an efficient FNNs training and pruning method using
the H,, filtering algorithm. FNNs model pruned with H,, filtering provides a good
architecture design for generalization capacity and requires a smaller number of con-
nection weights than a totally connected net. Examples of nonlinear system identifica-
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tion are carried out to evaluate the performance of the network. The results show the
effectiveness of the neural network pruning and training by H,, filtering algorithm.
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