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ABSTRACT A new fracture criterion based on the crack opening displacement for peridynamic (PD) and dual-horizon
peridynamics (DH-PD) is proposed. When the relative deformation of the PD bond between the particles reaches the
critical crack tip opening displacement of the fracture mechanics, we assume that the bond force vanishes. A new damage
rule similar to the local damage rule in conventional PD is introduced to simulate fracture. The new formulation is
developed for a linear elastic solid though the extension to nonlinear materials is straightforward. The performance of the
new fracture criterion is demonstrated by four examples, i.e. a bilateral crack problem, double parallel crack, monoclinic
crack and the double inclined crack. The results are compared to experimental data and the results obtained by other
computational methods.

KEYWORDS Castigliano’s theorem, breaking energy, critical extension, XFEM, COD, PD-COD

1 Introduction

The prediction of fracture is a long-standing problem in the
field of computational solid mechanics. The inherent
difficulty arises from the basic incompatibility of cracks
with the partial differential equations that are used in the
classical theory of solid mechanics. Many fracture and
multiscale modiling of fracture and numerical methods
have been proposed such as Fracture modeling [1–4] and
Multiscale modeling [5–11] including fourth order phase-
field model, a novel two-stage discrete crack method, a
higher-order stress-based gradient-enhanced damage
model, an adaptive multiscale method, efficient coarse
graining in multiscale modeling and so on, Fracture Finite
Element methods (FEM) including efficient remeshing
techniques [12–17], extended finite element method
(XFEM) [18,19] or XIGA [20,21], the numerical manifold
method (NMM) [22,23], element-free Galerkin (EFG)
methods [24],the reproducing kernel particle method
(RKPM) [25], and many other meshless methods [26–
28] and enriched meshfree method (MM), see e.g. the
contributions by Rabczuk [29–37]. The cracking particle

methods (CPM) [38–41] is a method that can easily deal
with complex crack patterns as fracture is a natural
outcome of the simulation. For all other methods, mixed
mode fracture is usually studied either theoretical based on
different failure criteria [42–45] or using test methods.
Researchers prefer to conduct their experiments, and the
specimens must be designed since they will be able to
provide the same states, e.g. the centrally cracked Brazilian
disk specimen [46–49], the compact tension shear speci-
men [50–52], but the experimental fracture studies on real
components are very expensive and difficult. Peridynamics
is a method that reformulates the fundamental equations of
continuum mechanics, so that fracture is a natural outcome
of the simulation [53,54]. Therefore, the object is
discretized with particles and the material is modelled by
the interaction of those particles. The first version is the so-
called bond-based peridynamics formulation which is
limited to a very specific material behaviour. The state-
based peridynamics formulation overcomes this difficulty
but both formulations (bond-based as well as state-based)
require a uniform particle spacing. Dual-horizon peridy-
namics is a formulation which allows for adaptive
refinement with non-uniform spaced particles [55,56].
Silling et al. [57], investigated the deformation of anArticle history: Received Apr 23, 2017; Accepted May 29, 2017
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infinite bar; Weckner et al. [58], used the Laplace and
Fourier transforms in three-dimensional PD; Yu et al. [59],
proposed an adaptive trapezoidal integration scheme. Kilic
[60] described an efficient load distribution scheme.
Peridynamics [61,62] has attracted great attention due to
its flexibility in modeling complex fracture patterns. Silling
and Bobaru proposed a weighted local function of the
particle weight method to determine the particle damage
problem [63]. Silling and Askari [64] derived the critical
energy release rate for bond-based in integral form. Foster
et al. [26] proposed the critical energy density as a failure
criterion in ate-dependent situations. Silling and Bobaru
[66] used the function � to modify the force density vector.
Ayatollahi and Aliha [67] demonstrated the failure
parameter of a critical stretch by experiments. Feng and
Zhang simulated the cracking process of concrete [68]. The
article of Zhou [69] examined rock-like materials. While
Ren et al. [70] proposed a new criteria for damage
determination of shear deformation.
In this paper, we present a new fracture criterion in PD.

Though the formulation is devised for linear elastic solids,
it can easily be extended to non-linear materials. This new
idea is comparable to the COD criterion employed in
fracture mechanics theory. When the relative deformation
of two adjacent particles in PD reaches the critical COD
value, the PD forces between the two particles vanish and a
crack is formed. The contents of this article are
summarized below: Section 2 introduces the PD theory.
In section 3, the COD criterion is derived in the context of
PD. Also, the critical value of PD-COD which governs the
crack propagation is provided. In section 4, four examples
are presented which verify the new formulation. The
results of the first example is compared to experimental
data and results obtained by other methods included the
'classical' PD method and XFEM. The subsequent three
examples include the center double parallel crack problem,
the center monoclinic crack problem and the center double
oblique crack problem. Finally, the manuscript closes with
conclusions in section 5.

2 The peridynamic ( PD ) theory

The PD theory discretizes the objects into many particles.
The force between the particles changes with the distance
between the particles. As seen in Fig. 1: uðkÞ,uðjÞ are the
displacements of particle k and j, respectively. The position
vector of those particles in the initial configuration is
denoted by xðkÞ and xðjÞ, respectively while yðkÞ,yðjÞ indicate
the position of particles k and j in the deformed
configuration. The initial relative position vector ðxðjÞ –
xðkÞÞ prior deformation becomes ðyðjÞ – yðkÞÞ after deforma-
tion. The relative position vector ðyðjÞ – yðkÞÞ and the stretch
between material points xðkÞ and xðjÞ can be defined as:

ðyðjÞ – yðkÞÞ ¼ YðxðkÞ,tÞhxðjÞ – xðkÞi (1)

and

sðkÞðjÞ ¼
�
jyðjÞ – yðkÞj – jxðjÞ – xðkÞj

�
jxðjÞ – xðkÞj

(2)

The force density vector tðkÞðjÞ that the material point at
location xðjÞ exerts on the material point at location xðkÞ can
be expressed as:

tðkÞðjÞ
�
uðjÞ – uðkÞ,xðjÞ – xðkÞ,t

�
¼ T

�
xðkÞ,t

�
hxðjÞ – xðkÞi (3)

The force tðkÞðjÞ that a material point xðjÞ exerts on the
material point xðkÞ in turn is given by

tðkÞðjÞ ¼ 2δ ad
ΛðkÞðjÞ

jxðjÞ – xðkÞj
�ðkÞ þ bðxðjÞ – xðkÞ,tÞsðkÞðjÞ

( )

yðjÞ – yðkÞ
jyðjÞ – yðkÞj

(4)

where ΛðkÞðjÞ is defined as:

Fig. 1 Kinematics of PD material points
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ΛðkÞðjÞ ¼
yðjÞ – yðkÞ
jyðjÞ – yðkÞj

 !
⋅

xðjÞ – xðkÞ
jxðjÞ – xðkÞj

 !
(5)

The micropotential wðkÞðjÞ between material points xðkÞ
and xðjÞ and the strain energy densityWðkÞ of material point
xðkÞ can be expressed as:

wðkÞðjÞ ¼ wðkÞðjÞ
�
yð1kÞ – yðkÞ,yð2kÞ – yðkÞ, � � �

�
(6)

and

WðkÞ ¼
1

2

X1
j¼1

1

2
wðkÞðjÞ

�
yð1kÞ – yðkÞ,yð2kÞ – yðkÞ, � � �

��

þ 1

2
wðjÞðkÞ

�
yð1jÞ – yðjÞ,yð2jÞ – yðjÞ, � � �

�
⋅VðjÞ (7)

It was shown in [71] that the dynamic equation of PD
can be recast as:

�ðxÞ€uðx,tÞ ¼ !
Hx

f
�
uðjÞ – uðkÞ,xðjÞ – xðkÞ

�
dHx þ bðx,tÞ

(8)

in whichHx is the neighborhood of x and bðx,tÞ is the body
force density field.

3 PD-COD crack fracture criterion

Consider a crack and a crack extension as illustrated in
Fig. 2 (SZW: the length of extension zone, which is the
amount of crack forward extension). The opening
displacement of the crack tip is twice the height of the
extension zone (COD = 2�SZD) and the stretch height is
equal to the length of extension of the crack front (SZD =
SZW). The actual crack tip opening displacement
measurement is shown in Fig. 3 exploiting the crack tip
symmetrical primitive crack at right angle to intersect up
and down the crack surface points a and a#. This distance
of two points is the value of the opening displacement
COD at the crack tip.

As the load increases, the opening displacement of the
crack tip δ increases, when a critical value δcr is reached.
Therefore, the crack propagation criterion established by
COD is written as:

δ³δcr (9)

where δcr is the critical COD value, determining the
beginning of the crack extension.
There are two main methods to calculated the COD

value, one is the D-M model derived from the BCS
formula [72,73], the other is the Wells formula [74,75]. In
this paper, the BCS formula is used to solve the crack
propagation problem.
Previous studies on tensile tests of a large sheets have

revealed a flat plastic zone as depicted in Fig. 4 (a). The
plastic zone is simplified into a triangular curve. Let us
assume the material of the plastic zone is ideal plasticity,
and the material surrounded by the plastic zones and cracks
is the elastic zone. The plastic zone of the crack tip is
excavated, formatted a center through crack which length
is 2a ¼ 2cþ 2R in the elastic infinite plate, as shown in
Fig. 4 (b) above. So, the above problem is a simplified D-
M elasticity model where the displacement of the crack tip
δ can be obtained by the Paris displacement formula.
As shown in Fig. 5 by the Castigliano`s theorem, the

relative displacement between the two particles is obtained

Fig. 2 Crack tip passivation model and extension zone

Fig. 3 Measures the value of COD at the crack tip

Fig. 4 Plane stress crack and D-M model
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by the derivative of the elastic strain energy as:

δi ¼
∂U
∂Pi

(10)

where U is the strain energy of the elastic body, Pi is the
force and, δi is the displacement.
When F↕ ↓0, the actual displacement between any two

points is recast as:

δi ¼ lim
F ↕ ↓0

∂U
∂F

(11)

The relationship between the crack propagation forceGc
and U can be obtained by

Gc ¼
∂U
∂A

� �
P

(12)

Integrated Eq.(12) over A yields

U ¼ U0 þ!
A

0
GcdA (13)

Gc ¼ GI þ GII ¼
K2
c

E
¼ K2

I

E
þ K2

II

E
(14)

With

KI ¼ KIP þ KIF and KII ¼ KIIP þ KIIF (15)

where U0 is the strain energy of the elastic body with crack
length 2a ¼ 0 and U is the strain energy of the elastomer
with crack length 2a≠0.
Substituting Eqs.(13), (14) and (15) into Eq.(11) leads to

δ ¼ lim
F ↕ ↓0

∂U0

∂F
þ ∂

∂F!
A

0
GcdA

� �

¼ lim
F ↕ ↓0

∂U0

∂F
þ ∂

∂F!
A

0

K2
I

E
þ K2

II

E

� �
dA

� �

¼ lim
F ↕ ↓0

∂U0

∂F
þ 1

E
⋅
∂
∂F!

A

0
ðK2

I þ K2
IIÞdA

� �

¼ lim
F↕ ↓0

∂U0

∂F
þ 1

E
⋅
∂
∂F !

A

0
ðKIP þ KIFÞ2dA

��

þ!
A

0
ðKIIP þ KIIFÞ2dAÞ

� �

¼ lim
F↕ ↓0

∂U0

∂F
þ 2

E
⋅ !

A

0
ðKIP þ KIFÞ

∂KIF

∂F
dA

��

þ!
A

0
ðKIIP þ KIIFÞ

∂KIIF

∂F
dAÞ

� 	

(16)

Since KΙF is proportional to F, when F↕ ↓0, Eq.(16) can
be rewritten as:

δ ¼ ∂U0

∂F

� �
F¼0

þ 2

E
!

A

0
KIP

∂KIF

∂F
dAþ 2

E
!

A

0
KIIP

∂KIIF

∂F
dA

(17)

where KIP,KIIP and KIF ,KIIF are the stress intensity factor
under force P and the virtual equilibrium force F,
respectively.
From the relationship between the critical energy release

rate Gc and the strain energy U , the crack opening
displacement δi is obtained as:

δ ¼ 2

E
!

A

0
KIP

∂KIF

∂F
dAþ 2

E
!

A

0
KIIP

∂KIIF

∂F
dA (18)

where KIP ¼ �
ffiffiffiffiffi
π�

p
, KIF ¼ F=

ffiffiffiffiffi
π�

p
and KIIP ¼ τ

ffiffiffiffiffi
π�

p
, KIIF

¼ F=
ffiffiffiffiffi
π�

p
are the stress intensity factor of the force and the

virtual equilibrium force at the crack tip, � is the
instantaneous crack length.
Then when the crack length A ¼ 2a, the opening

displacement of the crack tip can be expressed as:

δ ¼ 2

E
!

A

0
�
ffiffiffiffiffi
π�

p 1ffiffiffiffiffi
π�

p dAþ 2

E
!

A

0
τ
ffiffiffiffiffi
π�

p 1ffiffiffiffiffi
π�

p dA

¼ 2
�

E
Aþ 2

τ
E
A

¼ 4

E
aðτ þ �Þ (19)

Combining PD with the COD method as shown in
Fig. 6, the opening displacement between adjacent material
points can be expressed as:

Δcr ¼ jyðjÞ – yðkÞj – jxðjÞ – xðkÞj ¼ δcr (20)

where Δcr is the critical opening displacement of PD
adjacent material points and δcr is the critical crack
opening displacement of the fracture mechanics.
In order to include damage initiation in the material

response, a history-dependent scalar-valued functional fΔ
can be introduced

Fig. 5 The COD relative displacement of Castigliano`s Theorem
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fΔ

�
xðjÞ – xðkÞ,t

�
¼ 1 if Δ < Δcr

0 else

(
(21)

and the force density vector tðkÞðjÞ can be modified as

tðkÞðjÞ ¼ 2δ ad
ΛðkÞðjÞ

jxðjÞ – xðkÞj
�ðkÞ þ b⋅Δ

�
xðjÞ – xðkÞ

�
sðkÞðjÞ

( )

yðjÞ – yðkÞ
jyðjÞ – yðkÞj

(22)

where �ðkÞ is the dilatation term

�ðkÞ ¼ dδ
XN
i

ΛðkÞðiÞfΔ

�
xðjÞ – xðkÞ,t

�
sðkÞðiÞVi (23)

When the object under the external load with the time
changes, we continue to calculate the open displacement of
the crack tip. When the displacement between the two
particles satisfies Δ³Δcr, the PD force tðkÞðjÞ is set to zero
and the crack propagates (based on the history value
fΔ ¼ 0). When the crack tip opened displacement
Δ < Δcr, the force tðkÞðjÞ is unequal to zero and fΔ ¼ 1.
When the crack does not propagate, the local damage

function ψðx,tÞ is introduced into the PD-COD model in
order to express the relationship between the crack opening
displacement and damage of the particles

ψðx,tÞ ¼ 1 –
!

H
fΔ

�
xðjÞ – xðkÞ,t

�
dV

!
H
dV

(24)

The local damage of the PD-COD model ranges from 0
to 1 as shown in Fig. 7. When the crack opening
displacement satisfies Δ³Δcr, then the local damage is
one and all the interactions initially with the point have
been eliminated. A local damage value of ψðx,tÞ ¼ 0
means that all interactions are intact. However, the creation
of a crack terminates half of the interactions with its
horizon, resulting in a local damage value of one-half as
shown in Fig. 7 (b).

4 Numerical example

In this paper, four numerical examples as illustrated in
Figures 8 to 11 are studied in order to demonstrate the
performance of the new fracture criterion.

4.1 Examples 1 Double-notched specimen made of Q345
steel under uniaxial tension

Q345 material is a low alloy high strength structural
steel, with elasticity modulusE ¼ 203GPa, poisson’s
ratio � ¼ 0:3, elongation δ ¼ 27:96% and density
� ¼ 7850kg=m3. The length and width of the specimen are
70mm and 40mm, respectively as shown in Fig. 8. The
specimen is loaded under uniaxial tension with a constant
loading rate of 2:217� 10 – 5m=s ensuring quasi-static
conditions. The crack length is 10 mm and three different
crack size distances in loading directions are tested
according to Table 1. The fractured specimens of these
experiments are illustrated in Fig. 12 and compared to the
fractured specimen from FEM simulations in Fig. 13.
Furthermore, Figure 14 shows results obtained by he
C3D8R XFEM element in ABAQUS. The calculated
results by XFEM agree fairly well with experimental
results in Fig. 12 and the FEM in Fig. 13 though both
numerical simulations are not able to capture the curvature
of the crack in the second specimen.
Fig.12 is made by experiment, and Fig.13 is made by

FEM. We used the maximum strain energy to model the
crack propagation in FEM.When the strain energy of crack
tip reached the critical strain energy, we scattered the units
at crack tip. So, the crack will propagation forward for

Fig. 7 Local damage value

Fig. 6 Opened displacement of PD material points
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some distance.
As shown in Fig.12 and Fig.13. if the longitudinal initial

crack spacing is zero, the two propagating cracks join in a
horizontal line. For a longitudinal crack spacing of 10 mm,
the crack initially propagates horizontally. When the

horizontal and longitudinal distances of the two crack
tips are equal, the cracks extend along a 45°direction into a
slanted crack until they join. No crack coalescence is
observed for the specimen with a 20 mm longitudinal crack
spacing.
The crack propagation results are shown in Fig. 15,

using the PD elongation sij crack fracture criterion. The
results of three different specimens are consistent with the
results of the experiment, FEM and XFEM. It indicates the
PD elongation criterion can simulated the multi-crack
propagation and fusion.
As shown in Fig. 16, the results of the crack propagation

Fig. 10 Center monoclinic crack

Fig. 11 Center double oblique crack

Table 1 Bilateral horizontal crack size (unit: mm)

left crack size right crack size crack longitudinal offset distance(specimen label)

10 10 0(10-00) 10(10-10) 20(10-20)

Fig. 12 Experimental fracture results [76]

Fig. 13 FEM simulation fracture results [76]

Fig. 9 Center double parallel crack

Fig. 8 specimen style and size (unit: mm) [76]
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Fig. 14 XFEM simulation fracture results

Fig. 15 Crack propagation results of sij

Fig. 16 Crack propagation results of PD-COD

Jinhai ZHAO et al. A new fracture criterion for peridynamic and dual-horizon peridynamics 7
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of the three specimens simulated by PD-COD fracture
criterion are consistent with the results of FEM, XFEM and
PD elongation. The variety of simulation results are very
similar. Therefore, we can infer that the PD-COD fracture
criterion can simulate the crack propagation and fusion.
Although both of the fracture criteria can simulate the

fracture process, there are nuances between two methods at
the simulation the multi-crack propagation and interaction
process. It can be seen from Fig. 13 (c) and Fig. 14 (c) the
two cracks have a longitudinal distance of 20mm. Though
the cracks propagation path is along the horizontal straight
line, two cracks however, have mutual influence during the
expansion process.
The stress distribution in Fig. 13 (c) and Fig. 14 (c) are

consistent. The stress in the middle of two cracks is
obviously higher than other parts. There are local damage
in the middle test, but the damage value is small and no
cracks are formed.
It can be seen that the two crack propagation does not

affect the stress state at the middle of the model in Fig. 15
(c). However from Fig. 16 (c), the crack propagation is not
only able to show the crack propagation path, but also

shows the damage distribution in the middle part of the
model. The most important result is that the damage
distribution is consistent with the results of FEM and
XFEM.

4.2 Examples 2 Double center crack problem

We consider a specimen with two double-center cracks
under uniaxial tension with a constant loading rate of
20m=s. The model is shown in Fig. 10. The material
parameters from the previous example are adopted. The
thickness of the plate is 0.05m, the initial lengths are 0.01m
for both cracks. The longitudinal spacing of crack is 4mm
(case 1), 5mm (case 2) and 10mm (case 3), respectively. A
tensile load is applied at both ends of the plate in vertical
direction. The particle spacing in all PD simulations is
0.5mm. The influence of the longitudinal crack spacing on
damage rate and crack propagation path is analyzed
subsequently.
Fig. 17 and Fig. 18 present the fracture patterns for the

PD extension sij crack propagation criterion and the PD-
COD crack propagation criterion. Comparing Fig. 17 with

Fig. 17 Crack propagation results of sij

Fig. 18 Crack propagation results of PD-COD
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Fig. 18, both methods yield similar results. An increaseing
distance of the crack leads to a higher curvature of the
crack path.

4.3 Examples 3 Slanted center crack problem

The third example is a specimen with a slanted center
crack. Three different specimen with different crack angle
versus the horizontal axis are tested. All specimen are
loaded under uniaxial tension with a constant loading rate
of 20m=s. The model is illustrated in Fig. 10.The material
parameters from the first example are adopted. The
thickness of the plate is 0.05m, the length of one crack is
0.01m. The inclination angle α of the slanted crack is 30°
(case 1), 45° (case 2) and 60° (case 3), respectively. A
tensile load is applied at both ends of the plate in a vertical
direction. The particle spacing in all PD simulations is
0.5mm. The influence of the longitudinal crack spacing on
the damage rate and crack propagation path was analyzed
by the PD elongationsij criterion and the new COD criteria.
Fig. 19 and Fig. 20 show the final fracture pattern from

the PD simulations based on the extension sij crack
propagation criterion and the COD criterion, respectively.

As expected, the final crack path is perpendicular to the
loading direction in this mode I dominated fracture
problem. The results of both cracking criterion agree well.

4.4 Examples 4 Specimen with two slanted initial cracks

The fourth example is a specimen with two slanted initial
cracks. The specimen is again loaded under uniaxial
tension with a constant loading rate of 20m=s and the
material parameters are the same as in all other examples.
The model is presented in Fig. 11. The thickness of the
plate is 0.05m, the length of one crack is 0.01m. The
inclination angle α of both slanted cracks are 30° (case 1),
45° (case 2) and 60° (case 3), respectively. The particle
spacing in all PD simulations is 0.5mm.The influence of
the longitudinal crack spacing on damage rate and crack
propagation path was analyzed by PD elongation sij
criterion and PD-COD criterion and compared with two
kinds of crack propagation path.
Fig. 21 and Fig. 22 illustrates the crack propagation path

for the three cases considered here. The results from the PD
simulations based on the extension sij crack propagation
criterion and our novel criterion agree well. In all cases

Fig. 19 Crack propagation results of sij

Fig. 20 Crack propagation results of PD-COD

Jinhai ZHAO et al. A new fracture criterion for peridynamic and dual-horizon peridynamics 9
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crack shielding occurs and the crack propagates towards
the boundary of the plates. The crack shielding is more
pronounced with increasing inclination angle for our new
cracking criterion. Such a tendency is not apparent for the
standard cracking criterion in PD. For case 3, the standard
cracking criterion provides a short slightly inclined crack
path which does not seem reasonable due to the mode I
dominated fracture mode. Such an artifact does not occur
for our new fracture criterion.

5 Conclusions

In this paper, a new PD crack propagation criterion is
proposed. It is based on the opening displacement COD
method. The key idea is when the opened displacement of
PD adjacent material points equal to the critical crack
opened displacement at crack tip (the critical COD), the
bonds between particles are broken and a crack is formed.
A local damage formulation ψðx,tÞ is also introduced in
analogy to the original PD damage formulation to simulate
the local damage.
Four examples are studied to verify the correctness of

the novel cracking criterion. The first example is compared
to experimental data and results of other numerical
methods and shows excellent agreement. The following
three examples are the double parallel crack, the mono-
clinic crack and the double oblique crack. They further
verify that PD-COD can accurately simulate the crack
propagation. From the four examples, we can conclude that
the crack propagation path will be affected by both the
crack longitudinal spacing and crack oblique angle. In the
future, the COD criterion can be extended to nonlinear
materials and SB-peridynamics which should be straight-
forward.
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